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Preface

Vast amount of data is being generated in various fields and this big data can be leveraged to
improve business decision and process. Machine learning is a subfield of artificial intelligence which
enables computers to learn from data and make predictions without being explicitly programmed.
It has revolutionized many aspects of our life and transformed the way we approach various
problems, ranging from robotics and computer vision to natural language processing and personalized
recommendations.

The book provides the fundamental concept and tools of machine learning and deep learning as
well as the practices to implement programs capable of learning from data. The book covers
mathematical background including linear algebra and optimization, basic supervised learning such
as linear regression and logistic regression and more advanced learning algorithms such as ensemble
learning and deep learning, as well as unsupervised learning and dimensionality reduction. The
practical aspects introduce the production-ready Python frameworks, Scikit-Learn and TensorFlow.

This book is suitable for undergraduate students and graduate students in computer science, statistics
and electrical engineering and anyone who has the appropriate mathematical background. The
readers should already be familiar with basic linear algebra, calculus, probability and computer
programming. Prior exposure to Python is helpful but not necessary.

I would especially like to thank my wife Zuraidah, for always being on my side and unconditionally
supporting me, my children for being the joy of my life and my parents for their love and support.
My sincere thanks to the students of my Machine Learning course for their valuable feedback on an
earlier draft of the book. I gratefully acknowledge the support of the School of Computer Sciences,
Universiti Sains Malaysia in the completion of this book.



Chapter 1

Introduction

1.1 Artificial Intelligence and Machine Learning
Artificial intelligence (AI) is a field of study in computer science that focuses on developing machines
which can behave intelligently. There are various approaches in AI design such as statistical
(including machine learning), symbolic and evolutionary computation. Machine learning is a subset
of AI, which focuses on a computer’s ability to learn from observations (data) of the world. Deep
learning is a subset of machine learning, which takes the idea one step further whereby the computer
learns the pattern in the data without human intervention.

Machine learning is about learning from data. For example, in a scenario where we are asked by
a physician to build a system that can classify brain cancer as benign or malignant brain cancer
tumors in CT scan images. The physician needs to provide a set of images from different patients
which is called a dataset. The dataset should contain images of brain cancer and images of normal
brains. In addition to providing the data, the physician needs to “label” the images since we are
not the domain expert, and we would not know which images are brains with cancerous tumors
and which images are not. With the dataset, we feed the images together with the labels to the
computer with a machine learning algorithm to learn to detect brain cancer by “seeing” all the
images as shown in Figure 1.1.

This process is repeated until the computer has learned from the data, and a “set of rules” will be
produced which allows the computer to detect brain cancer in CT scan images. This set of rules
is the predictive model. The predictive model can be used by the physician to assist him/her in
analyzing new CT scan images and generate the prediction (cancer or no cancer). The process
of learning from the data to produce the set of rules is known as “training”. Using the predictive
model to perform prediction on new data is known as “testing”.
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Figure 1.1 The images and the labels are fed together and the computer will learn to detect images with
brain cancer

Machine learning was introduced way back in the 1950s. But the first formal definition (that I am
aware of) was given by Tom Mitchell in his book Machine Learning, 1997 (Tom M. Mitchell 1997).

“A computer program is said to learn from experience E with respect to some class of tasks T and
performance measure P, if its performance at tasks in T, as measured by P, improves with experience
E.”

Based on the definition, we know that machine learning is a field of study that concerns algorithms
that allow computers to automatically improve through experience. Using the above scenario, the
experience is the database of CT scan images (with labels) and the task is the classification of the
images into cancer or normal (no cancer). In order to know if the computer is improving with
experience, we have to evaluate the performance of the image classification. Therefore, performance
measure allows us to quantify the ability of the computer to perform the classification.

Why machine learning is needed? Do we need machine learning in every prediction problem?
Machine learning is not needed if the data can be easily analyzed and predicted. For example, if
we are asked to estimate (predict) the resale value of a car into low, medium and high given two
factors, the car’s mileage and age. The rules to estimate the resale value could be as follows.

If mileage < 100,000 km and age ≤ 10 years, then resale is high

If mileage < 100,000 km and age > 10 years, then resale is medium

If mileage ≥ 100,000 km and age ≤ 10 years, then resale is medium

If mileage ≥ 100,000 km and age > 10 years, then resale is low

The rules could be designed because there are two factors only. However, solving the problem
becomes infeasible if more factors are added to the dataset. For example, could we design a set of
rules that can accurately estimate the resale value given the following factors?

1. Mileage
2. Age
3. Maker and model
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4. Year of manufacture
5. Horsepower
6. Transmission mode
7. Fuel type
8. Service records
9. Condition of interior

10. Condition of exterior
11. Accident history
12. Modification

The task of designing a robust set of rules is almost impossible. Even if it is possible, the task will
be time-consuming, expensive and the model will be difficult to maintain. Note that normally, real-
world datasets are of high dimensions, complex and noisy. In some cases, the data is unstructured
e.g. images, time series and texts which will increase the complexity of the system. For example, in
the spam e-mail filter problem, the content of the e-mails needs to be analyzed and categorized into
spam e-mail or non-spam e-mail. One way to categorize the e-mails is to identify the words that
can be considered spam e.g. cash bonus, 100% free, extra income etc. in the e-mails. If any of the
words are present, the e-mail is classified as spam e-mail. However, this method is not reliable and
inaccurate because such e-mails may be spam to some users but others might find it interesting.
Human face recognition using a camera is another example where it is infeasible to design the rules
manually. To recognize human faces, facial features such as the shape and/or size of nose, eyes and
mouth need to be identified and extracted, and the combination of the features can help us identify
the person in the image. However, the number of feature combinations could be thousands or even
tens of thousands. Even if we can define all the rules, the combination may not be exhaustive which
may lead to subpar performance.

1.2 Types of Machine Learning
In general, machine learning can be divided into three types: supervised learning, unsupervised
learning and reinforcement learning (Jordan and T. M. Mitchell 2015). In a supervised learning
setting, the aim is to learn the mapping of the data (or the input) to the response of the data (or the
output). For example, using the above scenario, given the CT scan images which are the data, we
want to develop a mapping function (predictive model) that can perform the mapping of the image
to the image’s label which is either cancer or normal. Supervised learning works by searching for the
optimal function among the many possible functions that best map between the inputs and output.
This is done by making an assumption about the distribution of the data and fitting a function
that best characterizes the data. Since the computer needs to learn the input-output mapping, each
data in the dataset needs to be labeled. The labels allow the machine learning algorithm to guide
its search for the optimal function.

In an unsupervised learning setting, the label of the data is unavailable. Since the dataset is
unlabeled, it is more widely and easily applicable than supervised learning. Data labeling is
time-consuming, expensive and requires human experts. The goal of unsupervised learning is to
find interesting patterns in the data and group the data into clusters. Typically, the grouping is
performed based on the similarity of the data to each other. For example, given a dataset about
customers, the clustering analysis of the customers could be based on their shopping behavior such
as the kind of products that have been purchased, the average expenses and the average quantity
per order. The outcome of the clustering analysis could be used for a targeted marketing campaign
or to improve customer service operations.
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Reinforcement learning is a type of machine learning that is less commonly used. It is an approach
that allows computers to learn based on occasional reward and punishment. For example, consider
a robot learning to navigate through an environment to reach a destination. The robot explores the
environment, and while exploring it might hit some obstacles and learn to avoid them. The process
of learning is performed by rewarding the robot if it can avoid the obstacles and vice versa.

1.3 Python for Machine Learning
Python is an open source, high-level, interpreted and general purpose programming language, used
by many data scientists for various data science and machine learning projects. Python is widely
used in scientific and research communities due to its simple syntax and readability, making it
accessible even to those without an engineering background. It has a lot of data science-related
libraries which makes it more suited for quick prototyping.

This section introduces two essential libraries for machine learning: NumPy and Pandas. These
libraries provide a computational foundation for general numerical data processing. NumPy provides
fast and flexible multi-dimensional array, typically used for storing large datasets, while Pandas
provides high-performance, easy-to-use data structures and operations for data manipulation and
data analysis.

We can download Python from python.org. But for Windows operating system, it is recommended
to install Anaconda distribution, which already includes Python and most of the libraries that
we need to perform machine learning. Anaconda can be downloaded from anaconda.com. As of
writing, the current version of Anaconda includes Python 3.9. Anaconda comes with the Jupyter
Notebook, an interactive integrated development environment (IDE) that allows us to write, edit
and share codes via web browser. It is recommended to create an isolated environment so that
different projects can be developed without having conflicting library versions. We can create an
isolated environment using the following command in the Anaconda Prompt (terminal). In this
example, my_env is the name of the environment.

conda create --name my_env Once the environment is created, we activate the environment using
the following command:

conda activate my_env

my_env is an empty environment and we need to install Python and the other libraries into
the environment. Now, let us install Python into the created environment using the following
command. The command will install the latest version. Note that conda will install the dependencies
automatically. conda install -c anaconda python

We can install different versions of Python by specifying the version in the command. In this
example, Python version 3.8 will be installed:

conda install -c anaconda python=3.8

Now, let us install Scikit-Learn and the other libraries that will be used in this book:

conda install -c conda-forge numpy pandas scikit-learn matplotlib

Scikit-Learn is introduced in the following chapter. Finally, we install Jupyter Notebook into the
environment:

conda install -c anaconda jupyter The environment is now ready to be used. Launch Jupyter
Notebook by clicking Jupyter Notebook’s Launch button under Anaconda3 folder. We can also
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launch Jupyter Notebook by typing the following command in the terminal:

jupyter notebook

We can specify the location of our working folder as follows:

jupyter notebook "C:\users\myuser"

This will launch a new browser window or a new tab showing the Notebook Dashboard as shown in
Figure 1.2(a).

(a)

(b)

Figure 1.2 (a) Jupyter Notebook dashboard and (b) Dropdown menu in Jupyter Notebook dashboard

On the top right of the dashboard, there is a dropdown menu labeled “New” as shown in Figure
1.2(b). Click the Python version to create a new Notebook. Then, rename the Notebook either by
clicking on the current name and editing it, or by choosing Rename under File in the top menu
bar. For this example, we will name it “MyFirstNotebook”.

1.3.1 NumPy Array

Now, let us import NumPy to create an array. In the first line of the Notebook, type:

import numpy as np

data1 = [2, 5, 4, 8, 0, 1]
arr1 = np.array(data1)
print(arr1)

[2 5 4 8 0 1]

First, we define a list of numbers. A list is simply a collection of data which in this case a sequence
of integers. Then, we create an array using the list. We can create an array using arange(a, b).
It is a NumPy function that generates values within half-open interval [a, b). This means the
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interval includes a but excludes b. By default, the step size is 1. In this example, we generate a
sequence of values from 0 to 19:

arr1 = np.arange(0, 20)
print(arr1)

[0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19]

We can specify a different step size as follows. In this example, the step size is set to 2:

arr1 = np.arange(0, 20, 2)
print(arr1)

[ 0 2 4 6 8 10 12 14 16 18]

Note that step size can be a floating point number such as 0.1. There are other functions for creating
new arrays. zeros and ones create arrays of 0s and 1s respectively. In this example, we use zeros
to create a two dimensional array by passing a tuple as the size of the array as follows:

arr2 = np.zeros((3,4))
print(arr2)

[[0. 0. 0. 0.]
[0. 0. 0. 0.]
[0. 0. 0. 0.]]

In this example, we use ones to create a two dimensional array by passing a tuple as the size of the
array as follows:

arr2 = np.ones((3,4))
print(arr2)

[[1. 1. 1. 1.]
[1. 1. 1. 1.]
[1. 1. 1. 1.]]

We can create a multidimensional array by manually specifying the elements. In this example, we
create a two-dimensional array as follows:

data2 = [[3, 4.9, -2.5, 1.7], [-5.2, -3.1, 7.4, 3.6], [4.2, 6.8, -4.3, -5.7]]
arr2 = np.array(data2)
print(arr2)

[[ 3. 4.9 -2.5 1.7]
[-5.2 -3.1 7.4 3.6]
[ 4.2 6.8 -4.3 -5.7]]

The shape of the array will be inferred from the data. We can confirm the size of the array using
the ndim and shape attributes. ndim provides the number of dimensions of the array while shape
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provides the shape of the array as follows:

print(arr2.ndim)
print(arr2.shape)

2
(3, 4)

We can access the elements in the array using index and square bracket []. In this example, we are
accessing the third element in array arr3 as follows:

data3 = [3, 6, 9, 12, 15, 18]
arr3 = np.array(data3)
print(arr3[2])

9

Note that, indexing in Python starts at 0. Therefore, the index of the third element is 2. The same
index notation is used to access the elements in multidimensional array. But, for accessing elements
in multidimensional array, we need to specify two indexes row,column. Figure 1.3 shows the index
for each element.

Figure 1.3 The index of the rows and columns of 3 × 4 array

In this example, we are accessing element at the first row and second column as follows:

data4 = [[1, 3, 5, 7], [2, 4, 6, 8], [3, 6, 9, 12]]
arr4 = np.array(data4)
print(arr4[0,1])

3

Slicing an array is similar to slicing a list. We need to specify start:stop in the square bracket [].
To slice multidimensional array, we need to specify two start:stop, each for row and column. In
this example, we are selecting the first two rows and last three columns as shown in Figure 1.4:

print(arr4[0:2,1:4])
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Figure 1.4 Retrieving elements of the first two rows and the last three columns

[[3 5 7]
[4 6 8]]

NumPy enables batch operations on data or what is known as vectorization. Any arithmetic
operations between equal-size arrays applies the operation element-wise. Let us create another array
called arr5. We are going to use the randn function to generate some random normally distributed
data as follows:

arr5 = np.random.randn(3,4)
print(arr5)

[[ 0.94194631 0.58996195 -0.03229058 0.25856654]
[-0.27937617 -0.1477404 1.77243638 -1.92555553]
[ 0.22847046 -1.16258011 -1.02645735 1.67708209]]

Now, let us perform addition operation between the arr4 and arr5 and store the result in arr6.
We perform subtraction, multiplication and division using the following operators: -, * and /.

arr6 = arr4 + arr5
print(arr6)

[[ 1.94194631 3.58996195 4.96770942 7.25856654]
[ 1.72062383 3.8522596 7.77243638 6.07444447]
[ 3.22847046 4.83741989 7.97354265 13.67708209]]

Transposing an array is performed using the special T attribute as follows:

print(arr6.T)

[[ 1.94194631 1.72062383 3.22847046]
[ 3.58996195 3.8522596 4.83741989]
[ 4.96770942 7.77243638 7.97354265]
[ 7.25856654 6.07444447 13.67708209]]

We can perform a matrix computation such as dot product using dot function. In this example, we
perform dot product between arr5 and arr6. We transpose arr6 and perform the operation and
store the result in arr7 as follows:
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arr7 = np.dot(arr6.T, arr5)
print(arr7)

[[ 2.08611801 -2.86188677 -0.32689754 2.60337559]
[ 3.41052944 -4.07508157 1.7465579 1.62325451]
[ 4.32960104 -7.4874254 5.4312373 -0.30948885]
[ 8.26493422 -12.51586636 -3.5067584 13.11773168]]

NumPy also provides mathematical functions that compute statistics about an entire array or
about the data along an axis such as summation (sum), average (mean), standard deviation (std)
and variance (var). In this example, we calculate the average of the entire array as follows:
arr8 = np.random.randn(2,3)
print(np.mean(arr8))

-0.3457276111356699

We can perform mean of the data along an axis as follows:

print(np.mean(arr8, axis=0))

[-0.57580011 -0.00288407 -0.45849865]

print(np.mean(arr8, axis=1))

[-0.35447918 -0.33697604]

Here, axis=0 means “compute mean across the row” while axis=1 means “compute mean across the
column”. In many cases, we need to convert an array from one shape to another. NumPy uses row
major order when reshaping arrays. In row major order, the consecutive elements of a row reside
next to each other. In this example, we reshape arr9 a one-dimensional array to two-dimensional
array as shown in Figure 1.5.

arr9 = np.arange(0,9)
print(arr9.reshape((3,3)))

[[0 1 2]
[3 4 5]
[6 7 8]]

We can let NumPy infers the dimension from the data. To do that, we specify −1 to infer the
dimension of the column from the data as follows:

arr10 = np.arange(0,12)
print(arr10.reshape((4,-1)))
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Figure 1.5 Reshaping 1d array to 2d array

[[0 1 2]
[3 4 5]
[6 7 8]
[9 10 11]]

The opposite operation of reshaping is known as flattening. Here, we flatten arr10 into a one-
dimensional array as follows:

print(arr10.flatten())

[0 1 2 3 4 5 6 7 8 9 10 11]

1.3.2 Pandas DataFrame

Now, let us use Pandas to store and manipulate data. Pandas Series is a one-dimensional array-like
object which is similar to NumPy array. However, unlike NumPy array, Series has an explicit
index which can be changed to different values. Now, let us import Pandas module and create a
Series from a list as follows:

import pandas as pd

data1 = [2, 5, 4, 8, 0, 1]
sr1 = pd.Series(data1)
print(sr1)

0 2
1 5
2 4
3 8
4 0
5 1
dtype: int64

Notice that the indexes are automatically generated and each element is associated with an index.
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We can display the content of the Series without displaying the index as follows:

print(sr1.values)

[2 5 4 8 0 1]

We access the elements in a Series using index notation as follows:

print(sr1[2])

4

We can specify our own indexes for each element as follows:

sr2 = pd.Series([4, 7, 1, -2], index=['b', 'd', 'f', 'c'])
print(sr2)

b 4
d 7
f 1
c -2
dtype: int64

Similar to NumPy array, we can perform element-wise arithmetic operations such as addition,
subtraction, multiplication and division on a Series. The operation preserves the index-value link as
follows:

print(sr2 * 2)

b 8
d 14
f 2
c -4
dtype: int64

A DataFrame represents a rectangular table of data and contains an ordered collection of columns,
each of which can be a different value type (numeric, string, etc.). The resulting DataFrame has its
index assigned automatically as follows:

data = {'university': ['USM', 'UM', 'UPM', 'UKM', 'UTM', 'UiTM', 'UniMAP'],
'year': [1969, 1905, 1931, 1970, 1972, 1956, 2001],
'location': ['Pulau Pinang', 'Kuala Lumpur', 'Serdang', 'Bangi',

'Skudai', 'Shah Alam', 'Arau']}
fm1 = pd.DataFrame(data)

The head method can be used to select only the first five rows of the DataFrame as follows:
print(fm1.head())
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university year location
0 USM 1969 Pulau Pinang
1 UM 1905 Kuala Lumpur
2 UPM 1931 Serdang, Selangor
3 UKM 1970 Bangi, Selangor
4 UTM 1972 Skudai, Johor

A column can be retrieved by specifying the column name as follows:

print(fm1['university'])

0 USM
1 UM
2 UPM
3 UKM
4 UTM
5 UiTM
6 UniMAP
Name: university, dtype: object

Note that a column in a DataFrame is a Series. A row can be retrieved using a special loc attribute
with the index. In this example, we are retrieving a row with index 3 as follows:

print(fm1.loc[3])

university UKM
year 1970
location Bangi, Selangor
Name: 3, dtype: object

We can add a row to a DataFrame as follows:

fm1.loc[7] = {'year': 2000, 'university': 'UTeM', 'location': 'Durian Tunggal'}

We can drop a row from a DataFrame by specifying the index as follows:
fm1.drop(6)

Finally, we can save and load to and from disk in text format using Pandas. In this example, we
save the content of fm1 to a csv (text) file using to_csv method as follows:

fm1.to_csv('uni_in_Malaysia.csv', sep=';', header=True, index=False)

The first argument is the filename, the second argument is to specify the separator to separate the
values, the third argument to write out the column names and the fourth argument is not to write
the index. To load a csv file, we use read_csv method. In this example, we are reading the file that
has been saved as follows:

fm3 = pd.read_csv('uni_in_Malaysia.csv', sep=';')
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Exercises
1. Explain artificial intelligence and how machine learning is related to artificial intelligence.

2. Describe the types of artificial intelligence.

3. Give some real-world applications of artificial intelligence.

4. State the common programming languages used for machine learning.



Chapter 2

Supervised Learning

2.1 Introduction
Supervised learning is the most commonly used approach to machine learning. Some of the popular
supervised learning applications are e-mail spam detection, optical character recognition and face
recognition. In a supervised learning setting, we are given a labeled dataset or in other words, the
dataset comes in pairs of (xi, yi), where i = 1, 2, ..., N and N is the number of samples or instances
in the dataset. Each input xi is a d-dimensional vector, xi = (x1, x2, . . . , xd) where each element,
xj is a feature describing the i-th input.

2.2 Feature Vector
Let us consider a dataset consisting of N patient data as shown in Figure 2.1. The dataset is arranged
in the form of a table whereby the columns are the features of the patients. A row represents a
patient. This is known as structured data. The feature vector of i-th patient, xi = (x1, x2, ..., xd)
where feature x1

i refers to i-th patient’s name, x2
i refers to i-th patient’s age, x3

i refers to i-th
patient’s gender, x4

i refers to i-th patient’s height, etc. The features can be categorical or numerical.

Figure 2.1 Patient data in table form

A dataset of N text documents such as e-mails, review etc. Text data is typically converted into
a form which can be used as input to the machine learning models. One of the commonly used
methods to represent text data is the bag-of-words. The bag-of-words converts the text data into
a sequence of integers based on the occurrence of the words in the document as shown in Figure
2.2. A bag-of-words feature vector, xi = (x1, x2, ..., xd) where d is the number of words in the whole
corpus, x1

i refers to the number of occurrences of word 1 in i-th document, x2
i refers to the number

of occurrence of word 2 in i-th document, etc.

Time series data is a sequence of data that is ordered by time. For example, temperature sensors
that are used to monitor the temperature of the environment generate measurements every 1 hour.
The sequence of the values over time is important because it contains information such as the trend
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Figure 2.2 Text data with its bag-of-words representation

and seasonality. A single sample (measurement) does not carry sufficient information to perform
predictions. Therefore, for time series data, usually, we segment or group several samples, enough
to contain the temporal information, and the segmentation is used for the prediction as shown in
Figure 2.3. The subsequent segmentation may partially overlap the previous segmentation. The
feature vector is a segmentation, xi = (x1, x2, ..., xd) where d is the size of segmentation, xi

j refers
to j-th sample in the i-th segmentation.

Figure 2.3 A segment of time series data is considered as an input for predictions

Finally, prediction with machine learning may involve image data. Image data is a collection
of pixels arranged in rows and columns as shown in Figure 2.4. The arrangement of the pixels
defines the visual information known as spatial structure. The image size determines the number
of pixels. The image can be a grayscale image or a color image. For grayscale images, each pixel
has one value representing the intensity of the pixel. The range of value is [0, 255] whereby 0
represents black and 255 represents white. For color images, each pixel has three values for red,
green and blue. The combination of the values defines the color of the pixel. The feature vector
xi = (x1,1, x1,2, x1,3, ..., xd,1, xd,2, xd,3) where xj,1, xj,2 and xj,3 refer to red, green and blue of j-th
pixel and d is the number of pixels in the image.

2.3 Types of Supervised Learning
The output or response variable yi can be either a categorical or a numerical variable. If the output
is a categorical variable, yi is a finite set, y ∈ {1, 2, ..., C} where C denotes the number of labels
(classes) such as low, medium and high. This problem is known as multiclass classification. In the
case of C = 2, say yes and no, the problem is known as binary classification. If the output is a
numerical value, y ∈ R such as house price and salary, the problem is known as regression. Table
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Figure 2.4 Each pixel value in a grayscale image is the intensity while each pixel value in a color image has
three intensity values for red, green and blue

2.1 summarizes the types of supervised learning problems.
Table 2.1 The supervised learning problems depend on the type of target or response variable

Type Output Example
Binary
classification

yi ∈ {0, 1} or yi ∈ {−1, 1} Detecting brain cancer (yes or no)

Multiclass
classification

yi ∈ {1, 2, ..., C} where C is
the number of classes and C >
2

Classifying vehicles (lorry, van,
car and motorcycle)

Regression yi ∈ R Predicting (estimating) house
price and salary

The data points are generated by an unknown function y = f(x). The aim of supervised learning is
to approximate (learn) the unknown function f̂ given the dataset. With the approximated function,
the output of a new data point x can be predicted ŷ = f̂(x). The approximated function is also
called hypothesis or predictive model. Note that the two terms will be used interchangeably. To
learn a function, we choose an algorithm such as decision tree, support vector machine or k-nearest
neighbors. By choosing an algorithm, we are making an assumption about the data that we are
trying to learn.

2.4 Overfitting and Underfitting
There are two problems that can be encountered when learning the hypothesis. The first problem is
overfitting, whereby the hypothesis learns every minor variation in the data including the noise. This
could easily happen when a highly flexible algorithm is used such as decision tree, support vector
machine and neural network. Overfitting causes the hypothesis to become too specific, consequently
failing to predict new data. Conversely, we do not want a hypothesis that fails to capture the
variation in the data, which is known as underfitting. This could happen when a simple algorithm is
used such as linear regression, logistic regression and linear discriminant analysis. The two problems
are illustrated in Figure 2.5.

2.5 Loss Function

When approximating or learning the hypothesis f̂(x), we want a hypothesis that makes the least
mistakes, which means the one with minimum incorrect classification or the best estimation. In
machine learning, the mistakes or errors can be quantified using several loss functions. A loss
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(a) (b)

Figure 2.5 (a) Overfitting is when every minor variation in the data is learned and (b) underfitting is when
the pattern of the data is not learned

function tells how bad a hypothesis is in performing the prediction.

Zero-one loss is a function used to quantify incorrect classification. The loss function calculates the
summation of every misclassification and normalizes the summation by the number of instances
(Hastie et al. 2009). The zero-one loss is defined as follows:

J0−1(f̂) = 1
N

N∑
i=1

I(yi ̸= f̂(x)i) (2.1)

where yi is the class label (ground truth) of instance i, f̂(x)i is the predicted class of instance i and

I(c) =
{

1 if c is True
0 if c is False

Another loss function for classification problems is the negative log-likelihood or also known as
cross-entropy. The loss function measures the difference between the probability distribution of the
response and the prediction (Bishop 2006). For binary classification, the loss function is defined as
follows:

Jnll(f̂) = − 1
N

N∑
i=1

[yi loge f̂(xi) + (1− yi) loge (1− f̂(xi))] (2.2)

where yi ∈ {0, 1} is the class label or ground truth of instance i, f̂(x)i is the predicted probability
of instance i.

For multiclass classification whereby the number of classes C > 2, the loss for each class label c per
instance i is calculated as follows:

Jnll(f̂) = − 1
N

N∑
i=1

C∑
c=1

yi
c loge f̂c(xi) (2.3)

The squared loss function is typically used to calculate the errors in regression problems. The
loss function calculates the squared difference between the response and the predicted value and
normalizes it by the number of instances (Bickel and Doksum 2015). The squaring amplifies large
prediction errors, thus encouraging the hypothesis not to make many mistakes. Conversely, if the
prediction is close to being correct, the error will be very small, and little attention will be given to



Machine Learning and Deep Learning with Python 18

further improving the prediction.

Jsq(f̂) = 1
N

N∑
i=1

(yi − f̂(x)i)2 (2.4)

where yi is the response (ground truth) of instance i, f̂(x)i is the predicted value of instance i.

Often, we build a set of hypotheses using different algorithms. This is crucial because there is no
single algorithm that will always give the best performance for every problem. This is the No Free
Lunch Theorem. Given the loss function, we choose a hypothesis f̂ from a set of hypotheses, H
that minimizes the loss function.

f̂ = arg min
f̂∈H

J(f̂) (2.5)

2.6 Performance Metrics
Besides the error, specifically in classification problems, we can evaluate the performance of the
hypothesis by analyzing the number of correct and incorrect classifications in a specific table form
called confusion matrix. Table 2.2 shows a table called confusion matrix for a binary classification
problem, where the two classes are Yes and No. The number of correctly classified for class Yes is
represented by True Positive while the number of correctly classified for class No is represented by
True Negative. The number of incorrect classifications is represented by False Negative and False
Positive. False Negative is the number of instances belonging to Yes which are misclassified as No.
False Positive is the number of instances belonging to No which are misclassified as Yes.

Table 2.2 A confusion matrix

Yes No
Yes True Positive (TP) False Negative (FN)
No False Positive (FP) True Negative (TN)

Several performance metrics can be derived from the confusion matrix. Here we look at the four
commonly used metrics. The first metric is called Recall. Recall is the fraction of relevant instances
that are correctly classified. It measures the ability of the hypothesis or the predictive model to
predict positive instances. Recall is defined as follows:

Recall = TP

TP + FN
(2.6)

The second commonly used metric is Precision. Precision is the fraction of relevant instances
among the classified instances. It measures the predictive model’s accuracy in predicting positive
instances. Precision is defined as follows:

Precision = TP

TP + FP
(2.7)

The F-score measure is derived from recall and precision. Specifically, F-score is the harmonic
mean of precision and recall and is defined as follows:

F-score = 2 · Recall · Precision
Recall + Precision

(2.8)
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Lastly, the accuracy measures the overall correctness of the predictive model. The metric is defined
as follows:

Accuracy = TP + TN

TP + TN + FP + FN
(2.9)

For regression problems, the mean squared loss (MSE) is typically used to evaluate the hypothesis.
In addition to MSE, mean absolute error (MAE) is also used in model evaluation. The metrics are
defined as follows:

MSE = 1
N

N∑
i=1

(yi − f̂(xi))2 (2.10)

MAE = 1
N

N∑
i=1
|yi − f̂(xi)| (2.11)

The absolute difference between response and the predicted value is taken to avoid the canceling of
positive and negative magnitude. The metric tells us how far the hypothesis prediction deviates
from the response. Another commonly used performance metric is the R-squared (R2). R2 measures
the goodness of fit of the hypothesis. It measures the ratio of the hypothesis error to the worst or
baseline error which is the average of the response. R2 can be written as follows:

R2 = 1− SSres

SStot
(2.12)

where SSres is the sum of squared error of the hypothesis and SStot is the sum of squared error of
the baseline. The errors are defined as follows:

SSres =
N∑

i=1
(yi − f̂(xi)) (2.13)

SStot =
N∑

i=1
(yi − ȳ) (2.14)

where ȳ = 1
N

∑N
i=1 yi

R2 provides a measure in the range of 0 and 1. R2 = 1 indicates a perfect hypothesis while R2 = 0
indicates a worst possible hypothesis.

2.7 Training, Validation and Test Sets
While it is important for a hypothesis to perform well on training data, it must also be able to
generalize to new or unseen data. The ability of the hypothesis to perform well on unseen data is
known as generalization. To achieve generalization, the dataset is split into three subsets, namely
training set, validation set and test set. This method is called hold-out method. A portion of
the data is hold-out for validation and evaluation. The training set will have a larger portion of
the instances, typically around 60%–80% of the dataset. The remaining instances are split into
validation and test sets as shown in Figure 2.6. The dataset can also be split first into training and
test sets. Then, the training set is further split into training and validation sets. The split ratio
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varies from one application or problem to another. The commonly used split ratios are 6:2:2, 7:1:2
and 8:1:1.

Figure 2.6 The dataset is split into training, validation and test sets

The training set is used to learn the hypothesis. The machine learning algorithms have several
parameters that need to be set and fine-tuned to obtain an optimal hypothesis. To find the optimal
parameters, the validation set is used to validate the hypothesis. If the loss is too large, the
hypothesis is retrained with different parameters using the training set, and the newly trained
hypothesis is validated using the validation set. Once an optimal hypothesis is obtained, the test
set is used to evaluate the performance of the hypothesis. The test loss is the generalization errors.

Ideally, if we have sufficient data, a portion of instances can be set aside for validation. But data
is often scarce and we do not have sufficient training and validation instances to make a reliable
estimate of the error. A popular method to solve this problem is cross-validation where the dataset
is split into training and test sets. Then, the cross-validation is employed to train the hypothesis
using the training set. We split the data into K partitions of equal-sized, say K = 5 as shown in
Figure 2.7.

Figure 2.7 K-fold cross-validation, the training set is split into K partitions

The hypothesis is learned using K − 1 partitions and the k-th partition is used as the validation set.
We repeat this for k = 1, 2, ..., K and the error estimate is the average error over K repetition. The
common value of K is 3, 5 and 10. When K = N , this is known as leave-one-out cross-validation
whereby all instances except the k-th instance are used to learn the hypothesis.

In summary, the dataset is split into training set, Dtr, validation set, Dvd and test set, Dte. A set
of hypotheses, H are trained using the Dtr.

Learning : f̂ = arg min
f̂∈H

1
|Dtr|

|Dtr|∑
i=1

l(yi, f̂(xi)) (2.15)

where l is the loss function to calculate the loss value or errors between the ground truth y and the
prediction f̂(xi).
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Choose a hypothesis that minimizes the validation loss.

Validating : f̂ = arg min
f̂∈H

1
|Dvd|

|Dvd|∑
i=1

l(yi, f̂(xi)) (2.16)

Evaluate the chosen hypothesis, f̂∗ on the test set and calculate the generalization error, ϵ.

Test : ϵ = 1
|Dte|

|Dte|∑
i=1

l(yi, f̂(xi)) (2.17)

2.8 Working with Real Data
In this section, we will work through a machine learning project end to end, starting with loading
a dataset to evaluating a predictive model. It is best to work with real world data when learning
about machine learning. There are many real world open datasets available on public repository,
ranging across various domains such as natural language processing, education and healthcare. Here
are some of the popular sources of machine learning datasets.

1. Kaggle datasets
2. UC Irvine Machine Learning Repository
3. WorldData.AI
4. VisualData
5. CMU Libraries

We will be using the prognosis of heart disease dataset which can be downloaded from UC Irvine
Machine Learning Repository. The data was collected from 303 consecutive patients referred for
coronary angiography at the Cleveland Clinic between May 1981 and September 1984. The dataset
contains 76 attributes, but all we will be using a subset of 14 features. The objective is to predict
the presence of heart disease or not. We can use our browser to download the dataset file. But,
let us use Python to download the dataset using requests module. First, we import requests as
follows:

import requests

Here are the URLs of the dataset. The first URL is the link to the data and the second URL is the
documentation of the dataset.

data_url = 'https://archive.ics.uci.edu/ml/machine-learning-databases
/heart-disease/processed.cleveland.data'
data_readme = 'https://archive.ics.uci.edu/ml/machine-learning-databases
/heart-disease/heart-disease.names'

To download the dataset using requests, we use the get method and specify the URL as the
parameter. Then, we save the content to a file as follows:

r = requests.get(data_url, allow_redirects=True)
open('data_df.csv', 'wb').write(r.content)

We do the same step to download the readme file as follows:
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r = requests.get(data_readme, allow_redirects=True)
open('readme.txt', 'wb').write(r.content)

The readme file describes the columns of the dataset. The first column is the output or response
variable and the rest of the columns are the features. Let us create a list of the column names as
follows:

columns = ['age', 'sex', 'cp', 'trestbps', 'chol', 'fbs', 'restecg', 'thalach',
'exang', 'oldpeak', 'slope', 'ca', 'thal', 'heart_disease']

We will be using Pandas to read the csv file as follows:

import pandas as pd
data_df = pd.read_csv('data_df.csv', sep=',', header=None)
print(data_df.head())

0 1 2 3 4 5 6 7 8 9 \
0 63.0 1.0 1.0 145.0 233.0 1.0 2.0 150.0 0.0 2.3
1 67.0 1.0 4.0 160.0 286.0 0.0 2.0 108.0 1.0 1.5
2 67.0 1.0 4.0 120.0 229.0 0.0 2.0 129.0 1.0 2.6
3 37.0 1.0 3.0 130.0 250.0 0.0 0.0 187.0 0.0 3.5
4 41.0 0.0 2.0 130.0 204.0 0.0 2.0 172.0 0.0 1.4

10 11 12 13
0 3.0 0.0 6.0 0
1 2.0 3.0 3.0 2
2 2.0 2.0 7.0 1
3 3.0 0.0 3.0 0
4 1.0 0.0 3.0 0

We set header to None since the first row of the csv file is not the feature names but a patient
record. Then the list of columns is assigned to data_df to rename the columns as follows:

data_df.columns = columns
print(data_df.head())

age sex cp trestbps chol fbs restecg thalach \
0 63.0 1.0 1.0 145.0 233.0 1.0 2.0 150.0
1 67.0 1.0 4.0 160.0 286.0 0.0 2.0 108.0
2 67.0 1.0 4.0 120.0 229.0 0.0 2.0 129.0
3 37.0 1.0 3.0 130.0 250.0 0.0 0.0 187.0
4 41.0 0.0 2.0 130.0 204.0 0.0 2.0 172.0

exang oldpeak slope ca thal heart_disease
0 0.0 2.3 3.0 0.0 6.0 0
1 1.0 1.5 2.0 3.0 3.0 2
2 1.0 2.6 2.0 2.0 7.0 1
3 0.0 3.5 3.0 0.0 3.0 0
4 0.0 1.4 1.0 0.0 3.0 0
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Each row represents one patient. As we can see there are 10 columns including the response variable
(heart_disease). Pandas uses NumPy data types (dtypes) for Series and columns of a DataFrame.
NumPy supports bool (boolean), float (floating-point numbers), int (integer), timedelta64 (time
difference) and datetime64 (date and time). Pandas stores string using StringDtype and object.
StringDtype is a dedicated data type for string while object can hold any Python object, including
strings. Pandas recommends using StringDtype to store text data.

print(data_df.dtypes)

age float64
sex float64
cp float64
trestbps float64
chol float64
fbs float64
restecg float64
thalach float64
exang float64
oldpeak float64
slope float64
ca object
thal object
heart_disease int64
dtype: object

Pandas automatically infer the data types of each column. As can be seen in the list, all columns are
inferred as float64 except column ca, verb|thal| and heart_disease which are inferred as object
and int64. However, we know that according to the readme, column sex, cp, fbs, restecg, exang,
slope, ca, thal and heart_disease are categorical while column trestbps, chol, thalach and
oldpeak are floating-point features (numerical).

Now, let us fix the data type of the features as follows:

data_df['sex'] = data_df['sex'].astype('category')
data_df['cp'] = data_df['cp'].astype('category')
data_df['fbs'] = data_df['fbs'].astype('category')
data_df['restecg'] = data_df['restecg'].astype('category')
data_df['exang'] = data_df['exang'].astype('category')
data_df['slope'] = data_df['slope'].astype('category')
data_df['ca'] = data_df['ca'].astype('category')
data_df['thal'] = data_df['thal'].astype('category')
data_df['heart_disease'] = data_df['heart_disease'].astype('category')

print(data_df.dtypes)
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age float64
sex category
cp category
trestbps float64
chol float64
fbs category
restecg category
thalach float64
exang category
oldpeak float64
slope category
ca category
thal category
heart_disease category
dtype: object

Let us generate the descriptive statistics of the dataset using describe() as follows:

print(data_df.describe())

age trestbps chol thalach oldpeak
count 303.000000 303.000000 303.000000 303.000000 303.000000
mean 54.438944 131.689769 246.693069 149.607261 1.039604
std 9.038662 17.599748 51.776918 22.875003 1.161075
min 29.000000 94.000000 126.000000 71.000000 0.000000
25% 48.000000 120.000000 211.000000 133.500000 0.000000
50% 56.000000 130.000000 241.000000 153.000000 0.800000
75% 61.000000 140.000000 275.000000 166.000000 1.600000
max 77.000000 200.000000 564.000000 202.000000 6.200000

The method calculates the commonly used statistics such as mean, std, the lower and upper
percentile, maximum and minimum. By default, the method displays columns with numerical data
only. That is why categorical features (columns) are not shown in the descriptive statistics.

To select pandas categorical columns, set parameter include to category as follows:

print(data_df.describe(include='category'))

sex cp fbs restecg exang slope ca thal \
count 303.0 303.0 303.0 303.0 303.0 303.0 303 303
unique 2.0 4.0 2.0 3.0 2.0 3.0 5 4
top 1.0 4.0 0.0 0.0 0.0 1.0 0.0 3.0
freq 206.0 144.0 258.0 151.0 204.0 142.0 176 166

heart_disease
303

5
0

164

It will show statistics such as count, unique, top and freq. The top is the most common value.
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The freq is the most common value’s frequency.

2.9 Using Scikit-Learn
In this section, we will introduce Scikit-Learn, an easy to use machine learning library for Python.
Scikit-Learn provides end-to-end tools from data pre-processing to model evaluation and is designed
to interoperate with NumPy and Pandas (Buitinck et al. 2013). In Scikit-Learn, all objects share a
common three simple interfaces: estimator, predictor and transformer. The estimator interface is
used for building a predictive model. An estimator is an object which has a method called fit that
accepts training data for learning a model. Other machine learning tasks such as normalization,
feature selection and dimensionality reduction are implemented as estimator.

The predictor interface is a method of an estimator object. The interface is used by estimators of
machine learning models to make predictions. The method is called predict, accepts test data and
produces the prediction based on the learned model. Finally, some estimators such as normalization
and feature selector are capable of making data transformation. The interface is implemented
as a method of the estimator called transform. The method accepts the data and returns the
transformed version of the data.

2.9.1 Splitting Dataset

Now, let us use Scikit-Learn to split the dataset into training and test sets. The function to split
a dataset is called train_test_split. Given a dataset, the function splits it into two partitions.
First, we import the function as follows:

from sklearn.model_selection import train_test_split

We take the target column and then drop the target column. Using the helper function, we split the
dataset with a ratio of 70%:30%. There are several parameters that we have to pass the function.
The parameters are feature data (X), target (y) and test set size (test_size). The value of size
should be between 0.0 and 1.0 which represents the proportion of test set. We can also define the
size of the training set by specifying the value of parameter train_size. The random state is the
parameter to control the random number generator used to split the dataset. We set its value to
ensure the same split can be reproduced.

y = data_df['heart_disease']
X = data_df.drop(columns=['heart_disease'])
X_train, X_test, y_train, y_test = train_test_split(X, y, test_size=0.3,

random_state=50)

Let us display the size of each set as follows:

print(X_train.shape)
print(X_test.shape)

(212, 13)
(91, 13)
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2.9.2 Data Visualization

We have seen the data to get a general understanding of the dataset. Now we want to analyze
further to get more insight. We have put the test set aside and we will be only exploring the training
set. Pandas provides a plotting function that uses the Matplotlib library to visualize the data. Let
us use scatter plot to visualize age against trestbps as shown in Figure 2.8. The figsize is used
to set the figure size.

X_train.plot(kind='scatter', x='age' , y='trestbps', figsize=(9,6))

Figure 2.8 The output of plotting age against trestbps

We can set the alpha to see the regions with a high density of data points. Let us set it to 0.4 as
follows:

X_train.plot(kind='scatter', x='age' , y='trestbps', alpha=0.4, figsize=(9,6))

Figure 2.9 The high-density regions are highlighted

We can see from the plot as shown in Figure 2.9 that there are more patients aged between 45 to 65
years and their resting blood pressure is above 120 mmHg.



Machine Learning and Deep Learning with Python 27

We can set the size of the data points based on one of the features in the training set. In Figure 2.10,
we use restecg values to set parameter s which is the parameter to define the marker size. The
marker size is the value of restecg plus a constant value and to the power of 3. The constant value
is to avoid the marker size to be zero and the power of 3 is to increase the radius of the data points.

X_train.plot(kind='scatter', x='age' , y='trestbps',
s=(X_train['restecg'].astype('int')+2)**3,
alpha=0.4, figsize=(9,6))

Figure 2.10 The size of the data points are defined by their corresponding restecg values

We can also set the color of the data points based on the target (heart_disease) by setting the
parameter c as follows:

X_train.plot(kind='scatter', x='age' , y='trestbps',
s=(X_train['restecg'].astype('int')+2)**3,
alpha=0.4, c=y_train, colormap='bwr', figsize=(10,6))

Figure 2.11 The data points are colored based on their target classes

We use a predefined colormap bwr which ranges from blue to red. Figure 2.11 shows the scatter plot.
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The info method is useful to get a quick description of the data, in particular the total number of
rows, each the data type of the columns (features) and the number of non-null values.

X_train.info()

Int64Index: 212 entries, 121 to 176
Data columns (total 13 columns):
# Column Non-Null Count Dtype

--- ------ -------------- -----
0 age 212 non-null float64
1 sex 212 non-null category
2 cp 212 non-null category
3 trestbps 212 non-null float64
4 chol 212 non-null float64
5 fbs 212 non-null category
6 restecg 212 non-null category
7 thalach 212 non-null float64
8 exang 212 non-null category
9 oldpeak 212 non-null float64
10 slope 212 non-null category
11 ca 212 non-null category
12 thal 212 non-null category

dtypes: category(8), float64(5)
memory usage: 12.6 KB

2.9.3 Handling Missing Values

There are 212 records or instances and non-null count for each column is 212. However, there are
missing values as indicated by the readme. The missing values are denoted by ?. We can use unique
method to determine if there are ? in the dataset. In this example, we use the method to check
column thal as follows:

X_train['thal'].unique()

['7.0', '3.0', '6.0', '?']
Categories (4, object): ['7.0', '3.0', '6.0', '?']

As we can see, there are four labels for the column including ?. In Python, a missing value is
represented either by None or np.nan. Let us replace ? with np.nan. First, we import numpy.
Then, we use replace method to replace the missing values with np.nan. Note that we can specify
inplace = True instead of using assignment (=) operator.

import numpy as np
X_train = X_train.replace('?', np.nan)

As we can see from the output of info, non-null count for column 12 is less than 169 indicating
there is a missing value.

X_train.info()
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Int64Index: 212 entries, 121 to 176
Data columns (total 13 columns):
# Column Non-Null Count Dtype

--- ------ -------------- -----
0 age 212 non-null float64
1 sex 212 non-null category
2 cp 212 non-null category
3 trestbps 212 non-null float64
4 chol 212 non-null float64
5 fbs 212 non-null category
6 restecg 212 non-null category
7 thalach 212 non-null float64
8 exang 212 non-null category
9 oldpeak 212 non-null float64
10 slope 212 non-null category
11 ca 208 non-null category
12 thal 210 non-null category

dtypes: category(8), float64(5)
memory usage: 12.6 KB

Let us use fillna to fill the missing value. In this example, we fill the missing value with the next
valid value (after the missing value) as follows:

X_train['thal'] = X_train['thal'].fillna(method='backfill')

We can also fill the missing value with the previous valid value as follows:

X_train['ca'] = X_train['ca'].fillna(method='ffill')

As we can see, the number of non-null is 212 for all columns, indicating the missing values have
been filled.

X_train.info()
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Int64Index: 212 entries, 121 to 176
Data columns (total 13 columns):
# Column Non-Null Count Dtype

--- ------ -------------- -----
0 age 212 non-null float64
1 sex 212 non-null category
2 cp 212 non-null category
3 trestbps 212 non-null float64
4 chol 212 non-null float64
5 fbs 212 non-null category
6 restecg 212 non-null category
7 thalach 212 non-null float64
8 exang 212 non-null category
9 oldpeak 212 non-null float64
10 slope 212 non-null category
11 ca 212 non-null category
12 thal 212 non-null category

dtypes: category(8), float64(5)
memory usage: 12.6 KB

2.9.4 Normalization and Standardization

We need to scale the data since the range of the features varies widely. For example, the range
of trestbps is 94 to 200 while the range of oldpeak is 0 to 6.2. Machine learning algorithms do
not perform well when the range of the data heavily differs. There are two commonly used feature
scaling methods: normalization and standardization. Normalization rescales the values to be in the
range of 0 to 1. Standardization shifts the values to have a mean of 0 and standard deviation of
1. Scikit-Learn provides modules called MinMaxScaler and StandardScaler for normalization and
standardization respectively.

Let us import MinMaxScaler for normalizing the features as follows:

from sklearn.preprocessing import MinMaxScaler

First, we create an object of MinMaxScaler. Then, we fit the scaler with the training data to
estimate the minimum and maximum values of the features. Finally, we apply the scaler to normalize
the training data by calling transform function as follows:

scaler = MinMaxScaler()
scaler.fit(X_train)
X_train_norm = scaler.transform(X_train)

By default, MinMaxScaler rescales the features into the range of [0,1]. Notice that the function
returns a NumPy array. A different range can be specified by passing a tuple to feature_range
parameter when creating the object of MinMaxScaler.

scaler = MinMaxScaler(feature_range=(0,5))

There is no missing value in test set. Thus, we apply the scaler to normalize the test data as follows:
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X_test_norm = scaler.transform(X_test)

2.9.5 Training and Testing

Now that everything is prepared, we are ready to select and train a machine learning model. For
this example, we will be using a dummy model. The model always predicts the most frequent class
label in y_train. Let us import DummyClassifier as follows:

from sklearn.dummy import DummyClassifier

First, we create an estimator object of DummyClassifier. Then, the fit method of the estimator
is used to train the predictive model. We pass the training features and target to fit method as
follows:

model = DummyClassifier(strategy='stratified')
model.fit(X_train_norm, y_train)

Then, let us use the trained model to predict the test set. To produce the prediction, we use
predict method with the test set as follows:

y_pred = model.predict(X_test_norm)

Now that we have the predicted labels, we can calculate the loss value and the accuracy of the
model. Scikit-Learn provides the functions to compute the loss and the accuracy given the true
labels and predicted labels.

from sklearn.metrics import zero_one_loss, accuracy_score

The functions are used by passing the true values and the predicted values as parameters. The loss
value indicates that 63.7% of the instances are misclassified.

loss_val = zero_one_loss(y_test, y_pred)
print(loss_val)

0.6593406593406593

The accuracy of the prediction is given below.

accuracy = accuracy_score(y_test, y_pred)
print(accuracy)

0.34065934065934067

Scikit-Learn provides a function to print out the report of the classification whereby it shows the
recall, precision and F-score for each class. Please note that the results in the book could be different
from yours due to different parameter settings.
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from sklearn.metrics import classification_report
print(classification_report(y_test, y_pred))

precision recall f1-score support

0 0.54 0.54 0.54 46
1 0.08 0.05 0.06 20
2 0.20 0.30 0.24 10
3 0.18 0.15 0.17 13
4 0.00 0.00 0.00 2

accuracy 0.34 91
macro avg 0.20 0.21 0.20 91

weighted avg 0.34 0.34 0.34 91

The classification report shows the recall, precision and F-score measures for each class. The number
of instances for each class is indicated by support. The bottom part of the report shows the accuracy
of the model and the average of the precision, recall and F-score. Classification report provides two
types of average value: macro average (averaging the unweighted mean per class label) and weighted
average (averaging the support-weighted mean per class label). Macro average is the average value
of the metric without considering the weights (the proportion of the instances) of each class while
weighted average is the weighted average of the metric based on the proportion of the instances of
each class. Finally, the classification report provides the model accuracy which indicates the overall
performance of the model.

Exercises
1. Describe the differences between supervised learning and unsupervised learning.

2. Give examples of real-world applications of supervised learning.

3. Give examples of real-world applications of unsupervised learning.

4. Describe cross-validation.

5. Explain the trade-off between bias and variance.

6. Imagine you work at a real estate company and are tasked with estimating house prices. You
decide to address this problem in a data-driven manner and develop a model that predicts
adequate market prices from houses’ properties.

(a) Characterize the task of prediction: supervised or unsupervised? Regression or
classification? Justify your answers.

(b) How would you set up your data? State potential features along with their respective
data type and state the target variable.

(c) State the loss function for evaluating the predictive model.



Chapter 3

Linear Models for Regression

3.1 Introduction
A regression problem is when the response variable is continuous, y = R such as salary, height, price
etc. Consider a regression problem of predicting the price of a house given its built-up area. The
data is given in Figure 3.1. The built-up area is the input feature, x and the price is the response
variable, y which can take values ranging from RM100,000 to RM1,300,000.

Figure 3.1 House prices against their built-up area in square feet

Linear regression is one of the most widely used algorithms for solving regression problems such
as predicting house price, employee salary and sales revenue. The algorithm assumes the response
has a linear relationship with the input feature (Seber 2009). Thus, the linear regression model is
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expressed as follows:

f̂(x) = w0 +
d∑

j=1
wjxj (3.1)

where w0 is the intercept and wjxj is the inner product between the model’s parameters (or weights)
and the input features. Suppose the input is 1 dimensional (there is only one feature as above), the
linear regression model is represented as follows:

f̂(x) = w0 + w1x1 (3.2)

where the w0 and w1 are the intercept and the slope respectively. This is known as univariate
(simple) linear regression. A univariate linear regression model is fitted to those data points. The
fitted line is indicated by the red line.

The univariate linear regression can be generalized to multivariate linear regression where the input
is d dimensional data points. Consider the problem of predicting house price, in addition to the
built-up area, the inputs can be the number of rooms, the number of floors, location etc. The model
is known as multivariate linear regression. A common notational trick is to introduce a constant
input, x0 whose value is always 1. Thus, the intercept term can be combined with the other terms
as follows:

f̂(x) =
d∑

j=0
wjxj = w⊤x (3.3)

where w is the weight vector and x is the input vector.

3.2 Model Parameters
The role of weights is to define the direction of the fitted line. Let’s review the role of intercept
and slope in univariate linear regression. Figure 3.2 illustrates three linear models with different
parameters. Linear model 1, in Figure 3.2(a), the weights are w0 = 2, w1 = 0. Since the slope is 0
and the intercept is 2, the linear model is a horizontal line crossing 2 at the y-axis. Linear model 2,
in Figure 3.2(b), the weights are w0 = 0, w1 = 1. The slope of the model is 1 and the intercept is
0. Hence the linear model has an upward trend, and the line is going through the origin. Finally,
linear model 3, in Figure 3.2(c), the weights are w0 = 1, w1 = 1. The linear model has a similar
trend with linear model 2. However, the line is crossing 1 at the y-axis due to its intercept being 1.

Now, how do we find the parameters that will give us an optimal linear regression model? Essentially,
the idea is we want to choose weights such that the linear regression model will give us prediction
f̂(x) that is close to the response, y. This is formulated by choosing a set of weights, w that
minimizes the sum of squared loss (the difference between the response and the predicted value)
over all the training instances. We ignore the fraction 1

N to simplify the explanation. Ignoring the
fraction will not affect the parameter estimation since it is a constant. The squared loss is defined
as follows:

J(w) =
N∑

i=1
(yi − f̂(xi))2 (3.4)

where yi is the response of instance i and f̂(xi) = w⊤x is the predicted value of instance i.
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(a) (b) (c)

Figure 3.2 Parameters (intercept and slope) define the direction of the fitted lines

3.3 Least Squares
The common method to estimate the weights that will minimize the loss function is the least squares
(Rossi 2018). The method is illustrated in Figure 3.3. The data points are indicated by the blue
dots and the red line is the linear regression model. The predicted value for each training instance
is shown as blue crosses. The blue line from a data point to the blue cross is the prediction error
which is the difference between the response and the predicted value. The aim is to find a set of
weights that will minimize the sum of squared errors.

Figure 3.3 Least squares find the weights that will minimize the sum of squared errors (the length of the blue
lines)
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Let’s express the loss function using matrix notation.

J(w) =
N∑

i=1
(yi − f̂(xi))2 = (y−w⊤x)2 (3.5)

where y is the output (response) vector, w is the weight vector and x is the input vector.

Differentiating J with respect to w.

∂J

∂w = −2x(y−w⊤x) (3.6)

Set the derivative to zero to solve for w.

−2x(y−w⊤x) = 0 (3.7)

−x⊤y + wx⊤x = 0 (3.8)

wx⊤x = x⊤y (3.9)

The optimal weights of the linear regression model is given by

w = (x⊤x)−1x⊤y (3.10)

The least squares might fail to provide the optimal weights. This occurs when the input features
are (perfectly) correlated e.g. x1 = 2x2. Then, the x⊤x is singular (determinant is zero) and the
inverse of the matrix does not exist.

Numerical Example: Given the following dataset, find w using least square and gradient descent.

x =


1 3.1
1 2.9
1 3.5
1 4.3
1 3.6



y =


2.0
2.6
2.2
3.2
3.0


Calculate w = (x⊤x)−1x⊤y

(x⊤x)−1 =
[

10.5685 −2.9795
−2.9795 0.8562

]

x⊤y =
[
13
46

]

w =
[
0.334
0.652

]
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3.4 Gradient Descent
The weights of the linear regression model can be estimated using an optimization algorithm known
as gradient descent. Gradient descent is an optimization algorithm for finding a local minimum of a
differentiable function. Note that, gradient descent is a generic algorithm that is used not only in
linear regression but it is applied in various places in machine learning. The algorithm iteratively
updates the parameters of the function by computing the gradient of the function. Consider a
differentiable function, f(x) = x2 − 10x as shown in Figure 3.4. We know that the function is
minimum when x = 5. Assuming that x = 12, to get to the minimum, we need to move to the “left”.
Specifically, we need to update x by subtracting a value from it. To determine the value that we
need to subtract from x, we compute the gradient at x = 12 which is the slope of the tangent line at
the given point. In other words, the gradient is the rate of change of the function at a given point.

Figure 3.4 The gradient is the slope of the tangent line at a given point

Given a function, the gradient is computed by taking the derivative of the function with respect to
its parameter.

∂f

∂x
= 2x− 10 (3.11)

Then, the parameter is updated iteratively until optimal solution is obtained as shown in Algorithm
1:
Algorithm 1 Gradient Descent Algorithm

1: repeat
2: x← x− α∂f

∂x
3: until converge

α is known as the step size or learning rate, where 0 ≤ α ≤ 1, and it controls the amount of the
update to be applied to the parameter x. A small α corresponds to a little step which means
the optimization will take longer to complete while a large α may cause the gradient descent to
overshoot (miss the minimum) and fail to converge.

Let’s analyze the parameter update equation. Consider x = 12 as shown in Figure 3.4. For now,
assuming α = 1. We know that ∂f/∂x > 0 (positive value). Based on the update equation, x will
be reduced by the value of ∂f/∂x. If x is to the left of the minimum as shown in Figure 3.5. We
know ∂f/∂x < 0 (negative value). Based on the update equation, x will be increased by the value
of ∂f/∂x.
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Figure 3.5 The gradient is the slope of the tangent line at a given point

In the context of linear regression, the squared loss is a differentiable function, thus gradient descent
can be used to find the weights that will minimize the loss function. The weights are iteratively
updated based on the derivative of the loss function. For iterative k, the weights are updated as
follows:

wk = wk−1 − αgk (3.12)

where α is the learning rate which controls the amount of update to be applied to the weights, gk is
the derivative of the loss function with respect to each weight. Given a squared loss

J(w) = 1
2N

N∑
i=1

(yi − f̂(xi))2, (3.13)

the derivative of the loss function with respect to a single weight wj , which corresponds to the scalar
component gk,j of the gradient vector gk is

gk,j = ∂J

∂wj
= −

N∑
i=1

xi
j(yi − f̂(xi)) (3.14)

where N is the number of instances. 1
2 is a mathematical convenience to cancel out 2 when the

derivative is performed on the loss function.

Numerical Example: Given the following dataset, find w using least square and gradient descent.

x =


1 3.1
1 2.9
1 3.5
1 4.3
1 3.6



y =


2.0
2.6
2.2
3.2
3.0


Randomly initialize w.
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w =
[
0.45
0.75

]
Calculate ŷ

ŷ =


2.775
2.626
3.075
3.675
3.150


Calculate the loss using mean squared error.

Jmse = 1
2N

∑N
i=1(y − ŷ)2 = 0.1615

Calculate the gradient with respect to w

∂J

∂w0
= − 1

N

N∑
i=1

x0(yi − ŷi))

= (0.775 + 0.025 + 0.875 + 0.475 + 0.15)
5

= 0.46

∂J

∂w1
= − 1

N

N∑
i=1

x1(yi − ŷi))

= (2.405 + 0.0725 + 3.063 + 2.043 + 0.540)
5

= 1.624
Suppose α = 0.01. Update w.

w0 := w0 − α
∂J

∂w0
:= 0.45− 0.01(0.46)
:= 0.445

w1 := w1 − α
∂J

∂w1
:= 0.75− 0.01(1.624)
:= 0.734

Using the updated w, calculate (new) prediction and loss.

Jmse = 1
2N

∑N
i=1(y − ŷ)2 = 0.135

Notice that the loss is decreased after the weight update, from 0.1615 to 0.1350. The steps are
repeated until the error is converged.

3.5 Exchangeability
Machine learning algorithms cannot understand or do not model the cause and effect relationships
which is necessary to explain why something happens. In real-world scenarios, there are causal
relationships between actions and consequences such as when a patient has a fever and headache
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because of dengue, the dengue is the cause, and the effects are fever and headache. So, how do
machine learning models able to predict the output given an input? A machine learning model
gets its predictive power by eliminating the differences in data, ignoring the outliers, reducing
the errors and finding the mapping between the input features and the output. Since machine
learning algorithms are not able to attribute predictions to causes, they rely on a concept called
exchangeability to ensure we can build useful predictive models.

What is exchangeability? When we train a predictive model for a particular problem, we use a
dataset that contains samples of the whole population. We assume the samples in the dataset are
sufficiently representative. Specifically, the size of the dataset should not only be large enough, but
the data should also be representative of the actual environment. Therefore, the predictive models
that we build using the dataset can be applied to predict unknown new data. This assumption
is made on the basis that the unknown future data is exchangeable with the training data. This
concept of data exchangeability assumes that the training data and test data are independent and
identically distributed known as IID.

The assumption that data are independent and identically distributed is essential in machine learning.
Independent means each instance is unrelated to every other instance in the dataset. Identically
distributed means the instances are sampled from the same probability distribution. Consider a
dataset on hospital patients. The dataset is independent and identically distributed if each patient’s
data is independent or is unrelated to other patients’ data and they have the same probability
distribution, or in other words, the law that generates the data is the same from one patient to
another.

3.6 Bias-Variance Decomposition

The main goal of machine learning is to find a function that is a good approximation f̂(x; Dtr)
of the true function based on the training set Dtr. In a regression setting, a good function is
learned by quantifying the difference between the response variable y and the prediction ŷ =
f̂(x; Dtr) using the squared loss. Specifically, we want the squared loss to be minimal for both
Dtr = (x1, y1), (x2, y2), ..., (xN , yN ) and data points not in the training set. Ideally, we want the
learned function to be perfect (minimal prediction error), however, such a function is not possible
due to the limitation of the machine learning algorithm and noise in the data.

The prediction error can be decomposed into irreducible error and reducible error (Kohavi and
D. Wolpert 1996). The irreducible error is due to the fact that the data that we have are not able
to completely describe the target being predicted. There are other features not within the dataset
that have some effect on the target. Consider the problem of predicting the sales of a food truck
given its location and number of tourists. The features might be able to give a prediction, but they
will not explain everything because there are other factors that affect the sales such as the weather,
the raw material shortage and other issues intrinsic to the problems that are being modeled.

The reducible error is the error that is associated with the predictive model which can be decomposed
into bias and variance errors. Bias error refers to the amount of difference between the target and
the prediction of the model. Every machine learning algorithm comes with a set of assumptions
that form the inductive bias of the predictive model. For example, the linear regression algorithm
assumes a linear relationship between the features and the target, hence the model is described
in the form of a linear equation. However, if the assumption does not hold, it may lead to a high
inductive bias error. We call this underfitting model. Figure 3.6 illustrates a linear model indicated
by the red line which does not approximate well the true function indicated by the blue curve.
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Figure 3.6 A predictive model with inductive bias due to its simplistic assumption about the data

On the other hand, some powerful machine learning algorithms such as decision tree and support
vector machine make strong assumptions about the data. The algorithms are discussed in the later
chapters. Due to their strong learning ability, the algorithms can learn every variation including
the randomness in the data. Thus, the predictive models have low inductive bias error, but high
variance error whereby the models are sensitive to small fluctuations in the data. Variance error
also reflects the variability in the model prediction. It shows the inconsistency of the model across
different datasets. This phenomenon is known as overfitting whereby the models do not generalize
well on new data. Figure 3.7 illustrates an overfitting model in which the model fits the data very
closely as indicated by the green line.

Figure 3.7 An overfitting predictive model learns the variation of the data very closely

Suppose the data is generated by a function (model) y = f(x) + ϵ, with E(ϵ) = 0 and var(ϵ) = σ2.
The derivation of the bias-variance decomposition of the squared loss is as follows:

E[(y − f̂)2] = E[(f + ϵ− f̂)2]
= E[(f − E(f̂) + E(f̂)− f̂ + ϵ)2]

(3.15)
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Using (a + b + c)2 = a2 + b2 + c2 + 2ab + 2ac + 2bc and assuming a = f − E(f̂), b = E(f̂)− f̂ and
c = ϵ, we can expand the equation as follows:

E[(y − f̂)2] =E[(f − E[f̂ ])2] + E[(E[f̂ ]− f̂)2] + E[ϵ2]
+ 2E[ϵ(E[f̂ ]− f̂)] + 2E[ϵ(f − E[f̂ ])]
+ 2E[(f − E[f̂ ])(E[f̂ ]− f̂)]

(3.16)

E[(y − f̂)2] =(f − E[f̂ ])2 + E[(E[f̂ ]− f̂)2] + E[ϵ2]
+ 2E[ϵ](E[f̂ ]− f̂) + 2E[ϵ]E[(f − E[f̂ ])]
+ 2E[E[f̂ ]− f̂ ](f − E[f̂ ])

(3.17)

We know that E[E[f̂ ]− f̂ ] = E[f̂ ]− E[f̂ ] = 0. Thus, the equation is reduced to

E[(y − f̂)2] = (f − E[f̂ ])2 + E[(E[f̂ ]− f̂)2] + E[ϵ2]
= (f − E[f̂ ])2 + E[(E[f̂ ]− f̂)2] + var(ϵ)
= bias(f̂)2 + var(f̂) + σ2

(3.18)

where bias and var are the bias and variance errors and σ2 is the irreducible error.

Ideally, we want to build a model that has both small bias and variance errors, a model that learns
the patterns of the data accurately and generalizes well to unseen data. However, in practice, we
must make a trade-off between increasing the model complexity to capture the variation in the data
and simplifying the model to avoid overfitting as shown in Figure 3.8. Simple machine learning
algorithms such as linear regression make fewer assumptions about the data. Thus, the algorithm
often produces predictive models with high bias error but they are consistent across datasets and are
not sensitive to changes in the data. More complex machine learning algorithms such as decision tree
and support vector machine have more parameters that can be manipulated to learn the underlying
structure of the data. Thus, the algorithms may produce models with low bias error. But, the
models tend to have higher variance and there is a risk of overfitting the data. Hence, we need to
find the optimal balance between bias and variance.

Figure 3.8 A trade-off between bias and variance, as model complexity increases, bias error is decreasing but
variance error is increasing
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3.7 Implementing Linear Regression
In this section, we will be implementing Linear Regression using Scikit-Learn. We will be using
California Housing dataset that contains information about the housing values in California district.
The data is based on the 1990 California census. This dataset can be fetched from Internet using
Scikit-Learn. This dataset is obtained from the StatLib repository. The features are information
such as the average number of rooms, house age and house location. The target variable is the
median house value for California districts, expressed in hundreds of thousands of dollars ($100,000).

Let us import the function to download the dataset.

from sklearn.datasets import fetch_california_housing

Now, we can use the function to download the dataset. The function returns a dictionary-like object.
It contains the data, the feature names and the dataset description. The parameter as_frame is set
to True to acquire the data in the form of Pandas DataFrame.

california_housing = fetch_california_housing(as_frame=True)

Once it is loaded, we can get the DataFrame as follows:

data_df = california_housing.frame

Let us display the first five rows.

print(data_df.head())

MedInc HouseAge AveRooms AveBedrms Population AveOccup Latitude \
0 8.3252 41.0 6.984127 1.023810 322.0 2.555556 37.88
1 8.3014 21.0 6.238137 0.971880 2401.0 2.109842 37.86
2 7.2574 52.0 8.288136 1.073446 496.0 2.802260 37.85
3 5.6431 52.0 5.817352 1.073059 558.0 2.547945 37.85
4 3.8462 52.0 6.281853 1.081081 565.0 2.181467 37.85

Longitude MedHouseVal
0 -122.23 4.526
1 -122.22 3.585
2 -122.24 3.521
3 -122.25 3.413
4 -122.25 3.422

We can see that the dataset contains 9 columns whereby the first 8 columns are the features and
the last column is the target. All features are numerical features encoded as floating number and
there are no missing values. Now, let us inspect the data types of each column.

data_df.info()
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<class 'pandas.core.frame.DataFrame'>
RangeIndex: 20640 entries, 0 to 20639
Data columns (total 9 columns):
# Column Non-Null Count Dtype

--- ------ -------------- -----
0 MedInc 20640 non-null float64
1 HouseAge 20640 non-null float64
2 AveRooms 20640 non-null float64
3 AveBedrms 20640 non-null float64
4 Population 20640 non-null float64
5 AveOccup 20640 non-null float64
6 Latitude 20640 non-null float64
7 Longitude 20640 non-null float64
8 MedHouseVal 20640 non-null float64

dtypes: float64(9)
memory usage: 1.4 MB

As we can see, the data type is correctly inferred as float. Now, let us prepare the dataset for linear
regression.

y = data_df['MedHouseVal']
X = data_df.drop(columns=['MedHouseVal'])

We split the dataset into training and testing sets with the ratio of 7:3 using train_test_split.
Then, we display the size of each set.

from sklearn.model_selection import train_test_split
X_train, X_test, y_train, y_test = train_test_split(X, y, test_size=0.3, random_state=20)
print(X_train.shape)
print(X_test.shape)

(14448, 8)
(6192, 8)

Then, we normalize both the training and test sets using MinMaxScaler.

from sklearn.preprocessing import MinMaxScaler
scaler = MinMaxScaler()
X_train_norm = scaler.fit_transform(X_train)
X_test_norm = scaler.transform(X_test)

3.7.1 Least Squares Linear Regression

Now the training set is prepared, we can build the least squares linear regression model. We are going
to import LinearRegression from Scikit-Learn, and then create an object of LinearRegression.

from sklearn.linear_model import LinearRegression
model = LinearRegression()

Once we have created the object, we can call the fit method to learn the train data.
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model.fit(X_train_norm, y_train)

We can print out the intercept and the estimated coefficients of the model.

print('Estimated intercept coefficients: ', model.intercept_)
print('Number of coefficients: ', len(model.coef_))
print('Coefficients: ', model.coef_)

Estimated intercept coefficients: 3.717387600133579
Number of coefficients: 8
Coefficients: [ 6.28646321 0.48047174 -14.81633581 21.05575561

-0.2146071 -4.05042218 -3.89136493 -4.20295128]

Now, let us use the model to predict the test set.

y_pred = model.predict(X_test_norm)

Scikit-Learn provides functions to compute regression loss such as mean squared error, mean absolute
error and R2. We import the functions and use them to evaluate the performance of the model.
Please note that the results in the book could be different from yours due to different parameter
settings.

from sklearn.metrics import mean_absolute_error, mean_squared_error, r2_score
print('Mean Absolute Error: ', mean_absolute_error(y_test, y_pred))
print('Mean Squared Error: ', mean_squared_error(y_test, y_pred))
print('R-squared: ', r2_score(y_test, y_pred))

Mean Absolute Error: 0.5349006568619926
Mean Squared Error: 0.5245761338156759
R-squared: 0.6149202506648622

The metrics show that the least squares linear regression model has a mean absolute and mean
squared errors of 0.5349 and 0.5246 respectively. Based on the R2 value, the model is able to explain
about 61.49% (0.6149) of the data.

3.7.2 Gradient Descent Regression

Scikit-Learn provides a module called SGDRegressor for implementing gradient descent-based linear
regression. The module has several parameters that need to be set to implement linear regression as
follows:

• loss is the loss function to be used
• eta0 is the value of the learning rate
• learning_rate is the learning rate schedule, either constant or changing
• tol is the stopping criteria of the training
• max_iter is the training maximum number of epochs

Let us import the module and create the object by specifying the parameters.
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from sklearn.linear_model import SGDRegressor
model_gd = SGDRegressor(loss='squared_error', max_iter=300, eta0=0.02,

learning_rate='constant', tol=None, verbose=1, random_state=1)

As shown above, we use the squared error loss, set the maximum iteration and initial learning rate
value (eta0) to 300 and 0.02 respectively. Parameter learning_rate allows the learning rate value
to be reduced for each iteration step. We set the parameter to 'constant' to keep the value of
learning rate constant. The parameter can be set to optimal, invscaling or adaptive. These
parameter values change the learning rate for every epoch. Both optimal and invscaling reduce
the learning rate based on a predefined equation. The equations are documented in Scikit-Learn’s
full user guide. adaptive reduces the learning rate if the training loss is not decreased for a certain
number of epochs. Parameter tol is used to set the tolerance value for the early stopping algorithm
which will be explained in the later chapter. For now, we set the parameter to None. Parameter
verbose is set to 1 to display the output of the model training.

We call fit by passing the training set. The training progress is shown for each iteration. The most
important value that should be observed is the average loss (Avg. loss). The value indicates the
average training loss of the model for each iteration.
model_gd.fit(X_train_norm, y_train)

-- Epoch 1
Norm: 6.74, NNZs: 8, Bias: 2.070237, T: 14448, Avg. loss: 0.336953
Total training time: 0.00 seconds.
-- Epoch 2
Norm: 7.17, NNZs: 8, Bias: 2.983634, T: 28896, Avg. loss: 0.282832
Total training time: 0.01 seconds.
-- Epoch 3
Norm: 7.54, NNZs: 8, Bias: 3.443707, T: 43344, Avg. loss: 0.277963
Total training time: 0.01 seconds.

...

-- Epoch 298
Norm: 9.38, NNZs: 8, Bias: 3.912330, T: 4305504, Avg. loss: 0.272324
Total training time: 0.27 seconds.
-- Epoch 299
Norm: 9.31, NNZs: 8, Bias: 4.118629, T: 4319952, Avg. loss: 0.272640
Total training time: 0.27 seconds.
-- Epoch 300
Norm: 9.31, NNZs: 8, Bias: 3.988856, T: 4334400, Avg. loss: 0.272158
Total training time: 0.27 seconds.

We can print out the parameters of the model as follows:

print('Estimated intercept coefficients: ', model_gd.intercept_)
print('Number of coefficients: ', len(model_gd.coef_))
print('Coefficients: ', model_gd.coef_)

Now, let us use the model to predict the test set.
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y_pred_gd = model_gd.predict(X_test_norm)

Using the same functions above, we compute regression loss such as mean squared error, mean
absolute error and R2.

print(mean_absolute_error(y_test, y_pred_gd))
print(mean_squared_error(y_test, y_pred_gd))
print(r2_score(y_test, y_pred_gd))

0.5461181694006848
0.5344161657879705
0.607696900609306

The metrics show that the gradient descent-based linear regression is slightly worse than the least
squares linear regression. The gradient descent-based linear regression has slightly higher mean
absolute and mean squared errors of 0.5461 and 0.5344 respectively. The R2 value is also slightly
lower whereby the model is able to explain about 60.77% (0.6077) of the data.

Exercises
1. Describe dependent and independent variables.

2. Describe the assumption of linear regression.

3. Describe the difference between simple linear and multiple linear regressions.

4. Find the least square regression line for the following dataset:

x =


−1
0
1
2

 y =


0
2
4
5


5. Describe the difference between the gradient descent and least squares methods.

6. Explain the effect of learning rate in gradient descent algorithm.



Chapter 4

Linear Models for Classification

4.1 Introduction
This chapter focuses on linear models for classification problems. Classification is a task in machine
learning where the aim is to predict the class labels of a given set of inputs. We will explore the
concepts and methods behind linear models such as perceptron and logistic regression. We will
discuss the assumptions and limitations of these models.

4.2 Perceptron
Perceptron is a parametric algorithm for solving binary classification problems whereby the label,
y ∈ {−1, +1} (Rosenblatt 1957). The assumption of perceptron is that data points are linearly
separable. Specifically, we can define a hyperplane that can divide the feature space into regions and
each region is labeled according to the classification. Although the assumption sounds simplistic, if
data points belonging to a particular class have similar characteristics and are clustered together,
the hyperplane can be defined between the clusters of the two classes to classify the data points.

Essentially, given an input vector, x = (x1, x2, . . . , xd), the perceptron is a linear model that predicts
the labels via

f̂(x) = sign(w0 +
d∑

j=1
wjxj) (4.1)

where w0 is the intercept also known as bias and wjxj is the inner product between the model’s
coefficient (or weight) vector and the input vector also known as the linear combination of the
inputs. We can introduce a constant input, x0 whose value is always 1. Then, the expression can be
simplified as follows:

f̂(x) = sign(
d∑

j=0
wjxj) = w⊤x (4.2)

where w⊤x is the inner product in vector form.

sign(z) is the sign function which returns +1 if z is a positive value and returns −1 if z is a negative
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value. Thus, given a test input, x́, the classification of the input is given as follows:

f̂(x́) =
{

+1 w⊤x > 0
−1 w⊤x < 0

(4.3)

Consider a binary classification problem in Figure 4.1. The labels of the data points are yellow
(+1) and purple (−1). A perceptron model is fitted to those data points. The decision boundary is
defined by w⊤x as indicated by the red line. The input space classified as +1 is denoted by the
orange shaded region while the purple shaded region denotes the input space classified as −1.

Figure 4.1 The decision boundary and regions of the perceptron are indicated by the red line and the shaded
regions respectively

Numerical Example: Consider the perceptron model f̂(x) = −4 + x1 + x2. Predict the labels of
the following inputs:

x =


1 1

1.5 1
3 3
3 4


f̂(x1) = −4 + 1 + 1 = −2. ŷ1 = −1

f̂(x2) = −4 + 1.5 + 1 = −1.5. ŷ2 = −1

f̂(x3) = −4 + 3 + 3 = 2. ŷ3 = +1

f̂(x4) = −4 + 3.5 + 3 = 3. ŷ4 = +1

As shown above, the weights, w define the hyperplane that separates the data points. The algorithm
to find the optimal weights is given in Algorithm 2. First, the weights are initialized randomly. The
algorithm keeps training until all instances are correctly classified. Thus, if the data is not linearly
separable, the training will loop forever. For each iteration, error, e is initialized to zero, and the
whole instances of the training set are classified and compared with their corresponding labels one
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by one. If the classification is incorrect, increment e, and the weights are updated with values of
element-wise multiplication ⊙ between the instance and the label. Otherwise, the weights are not
updated.

Algorithm 2 Perceptron Algorithm
1: initialize weights, w
2: while e ̸= 0 do
3: e← 0
4: for (x,y) in training set do
5: f̂(x)← w⊤x
6: if f̂(x) ̸= y then
7: w← w + y ⊙ x
8: e← e + 1
9: end if

10: end for
11: end while

4.3 Logistic Regression
Logistic regression is a parametric algorithm for solving classification problems whereby the label,
y ∈ {0, 1} (Hosmer Jr, Lemeshow, and Sturdivant 2013). Logistic regression and perceptron are
similar whereby a hyperplane is defined to divide the feature space into regions labeled according
to the classification. The hyperplane is defined by the inner product between parameters and the
input vectors (summation of the weighted inputs), w⊤x. Then, the resultant of the inner product is
passed to a function that ensures the predicted value to be 0 ≤ f̂(x) ≤ 1 via

f̂(x) = sigm(w⊤x) (4.4)

where sigm(·) denotes the sigmoid function, also known as logistic function which is defined as:

sigm(z) = 1
(1 + e−z) (4.5)

Figure 4.2 shows the graph of the sigmoid function. The sigmoid function has an S-shaped curve,
which maps its input to a value within the range of 0 and 1. Thus, logistic regression has a
probabilistic connotation. The curve has two horizontal asymptotes, one end is approaching 1 and
the other end is approaching 0. Due to this property, the sigmoid function is differentiable at every
point.

As mentioned above, a logistic regression model outputs values within the range of 0 and 1. If we
threshold the output at 0.5, a classification rule can be defined as follows:

f̂(x) =
{

1 sigm(z) > 0.5
0 sigm(z) ≤ 0.5

(4.6)

Figure 4.3 shows the output probabilities of 50 simulated inputs to the sigmoid function. The input
values vary from −17 to +22 and their predicted values are indicated by the red circles. Using a
threshold value of 0.5, the classification of the data is indicated by the green and blue markers.
As can be seen in the figure, output probabilities above the threshold value are classified as 1.
Otherwise, they are classified as 0.
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Figure 4.2 The sigmoid function is over −10 to +10

Figure 4.3 The output probabilities of the sigmoid function and their classification using a threshold value of
0.5

Numerical Example: Consider the logistic regression model f̂(x) = g(z) where z = −4 + x1 + x2
and g(z) is the sigmoid function. Predict the labels of the following inputs:

x =


1 1

1.5 1
3 3
3 4


z1 = −4 + 1 + 1 = −2

g(z1) = 1
1+e−(−2) = 0.119

ŷ1 = 0

z2 = −4 + 1.5 + 1 = −1.5

g(z2) = 1
1+e−(−1.5) = 0.182
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ŷ2 = 0

z3 = −4 + 3 + 3 = 2

g(z3) = 1
1+e−2 = 0.881

ŷ3 = 1

z4 = −4 + 3.5 + 3 = 3

g(z4) = 1
1+e−3 = 0.953

ŷ4 = 1

4.3.1 Multiclass Classification Setting

So far, we have seen logistic regression for binary classification. Real-world problems may involve
more than two classes. For multiclass classification, we need to train multiple logistic regression
models, one for each of the C classes. For example, consider a classification problem as illustrated
in Figure 4.4. The data points belong to three classes, red, blue and green. We build three logistic
regression models for each of the three classes. First, we treat red instances as class 1, and all the
other instances as class 0. Then, we build the logistic regression model to distinguish red instances
from the rest. Next, we treat blue instances as class 1 and all the other instances as class 0, and
build the logistic regression model to distinguish blue instances from the rest. We perform the same
method for green instances. Eventually, we have three logistic regression models as shown in Figure
4.5.

Given a test point, x́, each model f̂c(x́) performs the prediction on the test point and produces C
predicted values.

f̂c(x́) = w⊤
c x́ (4.7)

where w is the weight vector, x́ is the input vector. Then, the predicted values are normalized using
the softmax function. The softmax function turns the predicted values into probabilities. Each
predicted value will be in the range of 0 and 1 and the sum of the values equal to 1.

f̂c(x́) = ef̂c(x́)∑C
k=1 ef̂k(x́)

(4.8)

The test point is assigned to the class with the largest probability.

Figure 4.4 Data points belong to three classes: red, blue and green
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(a) (b) (c)

Figure 4.5 Logistic regression in a multiclass classification setting (a) the model distinguishes red data points
from the rest, (b) the model distinguishes green data points from the rest, and (c) the model distinguishes
blue data points from the rest

4.3.2 Parameter Estimation

Now, how do we estimate the parameters of the logistic regression? We will discuss the estimation
of the parameters for two-class logistic regression to simplify the explanation. The loss function of
logistic regression is the negative log-likelihood or cross entropy as follows:

J(w) = −
N∑

i=1
yi log ŷi + (1− yi) log (1− ŷi) (4.9)

where ŷi = f̂(xi) = σ(zi), σ denotes the sigmoid function and zi = w⊤xi

We take the derivative of the loss function with respect to the parameters and set it to zero. Using
chain rule, the derivative of the loss function is

∂J

∂wj
=

N∑
i=1

∂J

∂ŷi
· ∂ŷi

∂zi
· ∂zi

∂wj
(4.10)

∂J

∂wj
=

N∑
i=1

ŷi − yi

ŷi(1− ŷi) ŷi(1− ŷi)xi
j =

N∑
i=1

(ŷi − yi)xi
j (4.11)

N∑
i=1

(ŷi − yi)xi
j = 0 (4.12)

However, the maximum likelihood estimation of the parameters is not in closed form. Thus, the
equation needs to be solved using an optimization algorithm such as gradient descent, Newton’s
method etc. Using gradient descent, the parameters are estimated as follows:

w := w− αg (4.13)

where α is the learning rate and g = ∂J
∂w is the gradient or the derivative of the loss function with

respect to the parameters.

Using Newton’s method, the parameters are estimated as follows:

w := w− αH−1g (4.14)

where H−1 is the Hessian matrix or the second-order partial derivatives of the loss function with
respect to the parameters.
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4.4 Probability Theory
We have seen how probability plays a key role in machine learning. In this chapter, we are going to
discuss further how probability theory can be used to make predictions. Data is generated from a
process that is not completely known. Since we do not have complete knowledge about the process,
probability theory is used to model the uncertainty within the process. In this chapter, we will
discuss how probability theory can be used to represent uncertainty and make predictions.

A random process by which we observe something uncertain is called a random experiment. A
random experiment is any situation where the process can lead to more than one possible outcome.
Consider a random process of tossing a coin which may result in two mutually exclusive outcomes,
either head or tail turns up. The outcomes of this process cannot be predicted with certainty. We
can only say how likely each outcome is. The chance of a particular event happening is called
probability. Another important concept that is associated with probability is the random variable.
A random variable is a numerical description of the outcome of a random experiment.

Consider the process of tossing a coin with two mutually exclusive outcomes, which are either head
or tail. We define a random variable X that takes one of the two values. Let X = 1 be the value for
heads and X = 0 denotes the outcome of tails. The probability of an event X = x is denoted by
p(X = x) or P (x) and its value satisfies 0 ≤ p(x) ≤ 1 and ∑

x∈X p(x) = 1. A higher probability
value indicates a higher chance of an event occurring. Thus, using probability value, we can predict
the outcome of the next toss. For example, the prediction will be head if p(X = 1) > 0.5 and tails
otherwise.

If p(X) is not known, we can estimate the probability by repeatedly tossing the coin and observing
the outcomes. Given a sample of outcomes of past N tosses, the estimated probability of heads is

p(X = 1) = Nh

N
(4.15)

where Nh is the number of tosses with outcome heads. For example, if the number of tosses is 10
and the sample X = {1, 1, 0, 1, 0, 0, 1, 1, 0, 0}, the estimated probability is p(X = 1) = 5

10

Given two independent events, A and B, such as getting heads from tossing two coins. Note that
independent events mean each event is not affected by other events. We can calculate the probability
of the two events happening as follows:

p(A ∩B) = p(A, B) = p(A)× p(B) (4.16)

Some events are dependent on other events. Consider taking two balls from a jar containing 5
red and 5 blue balls. Initially, both red and blue balls have an equal chance of being taken. If the
first ball was red, the second ball is less likely to be red as there are 4 red balls left in the jar. The
probability that the second ball is chosen is called conditional probability. Let A and B be the
event of selecting the second and first balls respectively. The conditional probability of event A
given that event B is given as follows:

p(A | B) = p(A, B)
p(B) (4.17)

The conditional probability can be rewritten as follows:

p(A | B) = p(B | A)p(A)
p(B) (4.18)
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where p(B | A) is the conditional probability of event B given A, also known as the likelihood and
p(A | B) is the conditional probability of event A and B, also known as the posterior probability.
p(A) and p(B) are the probabilities of observing A and B respectively which can be interpreted as
the prior probability and evidence. Using the law of total probability, p(B) = ∑

j p(B | Aj)p(Aj).
The above definition is known as Bayes’ rule (Davies 1988).

The following example illustrates the use of Bayes’ rule in medical testing. Suppose that for every
100 women, 25 are indeed pregnant.

p(y = 1) = 0.10

The sensitivity of the pregnancy test is 98% which means if a woman is pregnant, the test will be
positive with a probability of 0.98.

p(x = 1 | y = 1) = 0.98

Additionally, the false positive rate of the test kit is 1.5%.

p(x = 1 | y = 0) = 0.015

Suppose a woman takes a pregnancy test and the outcome of the test is positive. What is the
probability the woman is pregnant?

p(y = 1 | x = 1) = p(x = 1 | y = 1)p(y = 1)
p(x = 1 | y = 1)p(y = 1) + p(x = 1 | y = 0)p(y = 0)

= 0.98× 0.20
0.98× 0.20 + 0.015× 0.80

= 0.942
Since the probability is 0.942, we can conclude that the woman is pregnant.

4.5 Naive Bayes
We have seen how we can perform classification when uncertainty is modeled using probabilities i.e.
the likelihood, prior and evidence. But, in many cases, this information is not available to us. In
the absence of the information, we can estimate the probabilities from past observations (training
data). Then, using the estimated probabilities, we can classify the feature vector x by applying
them to the Bayes’ rule (Bayes 1763) as follows:

p(y = c | x) = p(x | y = c)p(y = c)
p(x) (4.19)

The key to using this approach is to estimate the class-conditional probabilities of the features or
the likelihood. Let d be the number of features, the likelihood is

p(x1, x2, ..., xd | y = c) = p(x1 | x2, ..., xd, y = c)p(x2 | ..., xd, y = c)
...p(xd | y = c)

(4.20)

However, calculating the likelihood is cumbersome especially when the number of features is large.
Naive Bayes is a simple classifier that is based on applying the Bayes’ rule with a strong independence
assumption between the features (Hand and Yu 2001; Kononenko 1990). Due to this assumption,
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the calculation of likelihood is simplified to

p(x | y = c) =
d∏

j=1
p(xj | y = c) (4.21)

Thus, the posterior probability becomes

p(y = c | x) =
p(y = c) ∏d

j=1 p(xj | y = c)
p(x1, x2, ..., xd) (4.22)

Since p(x1, x2, ..., xd) is a constant, and the prediction is made by comparing the posterior
probabilities and choosing the class with the largest probability. Thus, the denominator can be
omitted and the classification rule becomes

p(y = c | x) ∝ p(y = c)
d∏

j=1
p(xj | y = c) (4.23)

The prior probability p(y = c) can be estimated by assuming equiprobable classes or by calculating
the number of instances in the dataset which belong to class c. The estimation of the conditional
probability or feature’s distribution p(xj | y = c) is done by assuming the distribution of the features
(George H John and Langley 2013). The assumption is done based on the type of the feature which
is described in the following sections.

4.5.1 Categorical Naive Bayes

First, we discuss the case where the features are categorical data. Assuming there is a set of features
and each feature j has its own categorical distribution. For each feature j in the training set, the
categorical distribution is estimated conditioned on class c. The conditional probability of label k in
feature j given class c is estimated as

p(xj = k | y = c) = Nkjc

Nc
(4.24)

where Nkjc is the number of times label k appears in feature j which belongs to class c and Nc is
the number of instances with class c.

4.5.2 Bernoulli Naive Bayes

Bernoulli distribution is a discrete distribution with only two possible values for the random variable.
Bernoulli naive Bayes is typically used for document or text classification in which the features
are the binary word occurrence xj ∈ 0, 1, where xj is a boolean feature expressing the presence
(occurrence) or absence of the j-th word in the document. If the probability of a word’s occurrence
is p, then the probability of absence is 1− p. Thus, the likelihood of document x given class c is
given by

p(x | y = c) =
d∏

j=1
p(xj | y = c) (4.25)

which is the product of the conditional probability of each word’s occurrence xj given class c.
p(xj | y = c) is the probability of j-th word occurring in class c. This probability can be estimated
by counting the number of times j-th word occurs in the documents labeled with class c.
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4.5.3 Multinomial Naive Bayes

Multinomial distribution is a generalized form of the binomial distribution, a discrete distribution
of a random variable with more than two outcomes. Using multinomial distribution, in the case of
document classification, rather than word occurrence vectors, we can use the frequency of a word as
a feature. The likelihood of a document given class c is given by

p(x | y = c) = xj !∏d
j=1 xj !

d∏
j=1

p(xj | y = c) (4.26)

and p(xj | y = c) can be estimated as follows:

p(xj | y = c) = Njc

Nc
(4.27)

where Njc is the number of times word j appears in the document with class c.

Numerical Example: Consider the following dataset. Given x́ = {x1 = Sunny, x2 = Mild, x3 =
Normal}, predict the class of x́.

Outlook Temperature Humidity Play
Sunny Hot High No
Cloudy Hot High Yes
Rain Mild High Yes
Rain Cool Normal No

Cloudy Mild High Yes
Sunny Cool Normal Yes
Rain Mild High No

Sunny Mild High No

The number of instances is N = 8

Prior probability

p(y = Yes) = 4
8 = 1

2 , p(y = No) = 4
8 = 1

2

Conditional probability for x1

p(x1 = Sunny | y = Yes) = 1
4 , p(x1 = Sunny | y = No) = 2

4

p(x1 = Cloudy | y = Yes) = 2
4 , p(x1 = Cloudy | y = No) = 0

4

p(x1 = Rain | y = Yes) = 1
4 , p(x1 = Rain | y = No) = 2

4

Conditional probability for x2

p(x2 = Hot | y = Yes) = 1
4 , p(x2 = Hot | y = No) = 1

4

p(x2 = Mild | y = Yes) = 2
4 , p(x2 = Mild | y = No) = 2

4

p(x2 = Cool | y = Yes) = 1
4 , p(x2 = Cool | y = No) = 1

4

Conditional probability for x3

p(x2 = High | y = Yes) = 3
4 , p(x2 = High | y = No) = 3

4
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p(x2 = Normal | y = Yes) = 1
4 , p(x2 = Normal | y = No) = 1

4

Posterior probability

p(y = Yes | x́) ∝ (1
4 ·

2
4 ·

1
4 ·

1
2)

∝ 0.015625

p(y = No | x́) ∝ (2
4 ·

2
4 ·

1
4 ·

1
2)

∝ 0.03125
Since p(y = No | x́) > p(y = Yes | x́), the prediction is No.

4.5.4 Gaussian Naive Bayes

In the case of real-valued features, we typically assume the features are distributed according to the
Gaussian distribution. The likelihood of feature xj given class c is given by

p(xj | y = c) = 1√
2πσ2

jc

e
−

(xj −µjc)2

2σ2
jc

where µjc is the mean of feature xj with class c and σjc is the variance of feature xj with class c.

4.5.5 Log Trick

Multiplying the conditional probabilities may cause computational instability or known as numerical
underflow. This is because the value of p(x | y = c) is often very small especially if x is a high
dimensional vector. Thus, to avoid the numerical underflow, we take the logarithm of the conditional
probabilities when applying Bayes rule. Note that the multiplication operation becomes an addition
in the logarithm space.

log p(y = c | x) ∝ log(
d∏

j=1
p(xj | y = c) · p(y = c))

∝
d∑

j=1
log p(xj | y = c) + log p(y = c)

Numerical Example: Given the following dataset where 0 is female and 1 is male. Given
x́ = {x́1 = 1.73, x́2 = 66}, predict the gender of x́.

Height (m) Weight (kg) Gender
1.72 68 1
1.83 79 1
1.71 65 0
1.95 83 1
1.68 60 0
1.81 76 1
1.75 69 0
1.67 57 0

The number of instances is N = 8
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Prior probability

p(y = Male) = 4
8 = 1

2 , p(y = Female) = 4
8 = 1

2

µ and σ2 for x1

µ1,0 = 1.7025, σ2
1,0 = 0.0013

µ1,1 = 1.8275, σ2
1,1 = 0.0090

µ and σ2 for x2

µ2,0 = 62.75, σ2
2,0 = 28.2500

µ2,1 = 76.50, σ2
2,1 = 40.3333

Probability density function of x́ given class 0.

p(x́1 | y = 0) = 1
σ1,0
√

2π
e

−
(x́1−µ1,0)2

2σ2
1,0

= 8.2721

p(x́2 | y = 0) = 1
σ2,0
√

2π
e

−
(x́2−µ2,0)2

2σ2
2,0

= 0.0622
Posterior probability of class 0.
p(y = 0 | x́) ∝ log(p(x́1 | y = 0) · p(x́2 | y = 0) · p(y = 0))

∝ −1.356
Probability density function of x́ given class 1.

p(x́1 | y = 1) = 1
σ1,1
√

2π
e

−
(x́1−µ1,1)2

2σ2
1,1

= 2.4799

p(x́2 | y = 1) = 1
σ2,1
√

2π
e

−
(x́2−µ2,1)2

2σ2
2,1

= 0.0160
Posterior probability of class 1.
p(y = 1 | x́) ∝ log(p(x́1 | y = 1) · p(x́2 | y = 1) · p(y = 1))

∝ −3.920
Since p(y = 0 | x́) > p(y = 1 | x́), the prediction is class 0 (female).

4.6 Naive Bayes is a Linear Classifier
In many cases, naive Bayes leads to a linear decision boundary (Rennie et al. 2003). Given an input
x, the prediction is 1 if

p(y = 1 | x) > p(y = 0 | x) (4.28)
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Taking a log of both sides and using Bayes rule, we have

log p(x | y = 1) + log p(y = 1)− log p(x | y = 0)+
log p(y = 0) > 0

(4.29)

Suppose the features are Gaussian.

log p(x | y = c) = N (µc,
∑

c

) (4.30)

where µc and ∑
c are the mean and variance of the distribution. Note that ∑

c is diagonal and
symmetric.

(x− µ1)⊤
−1∑
1

(x− µ1) + log p(y = 1)− (x− µ0)⊤
−1∑
1

(x− µ0)+

log p(y = 0) > 0
(4.31)

Expanding the expression, we have

x⊤
−1∑
1

x− 2x⊤
−1∑
1

µ1 + µ⊤
1

−1∑
1

µ1 − x⊤
−1∑
0

x+

2x⊤
−1∑
0

µ0 − µ⊤
0

−1∑
0

µ0 + log p(y = 1) + log p(y = 0) > 0
(4.32)

Assuming both classes share the same covariance matrix, ∑
1 = ∑

0 = ∑, the quadratic terms are
canceled. We have

x⊤
−1∑

(µ0 − µ1) + µ⊤
1

−1∑
µ1 − µ⊤

0

−1∑
µ0 + log p(y = 1)+

log p(y = 0) > 0
(4.33)

where µ⊤
1

∑−1 µ1 − µ⊤
0

∑−1 µ0 + log p(y = 1) + log p(y = 0) can be considered as a constant C.

Thus, we have

x⊤
−1∑

(µ0 − µ1) + C > 0 (4.34)

which is a linear form in x.

4.7 Implementing Linear Classifiers
In this section, we will be implementing perceptron and logistic regression using Scikit-Learn. We
will be using the popular iris dataset that contains three different types of irises’ (Setosa, Versicolor
and Virginica) petal and sepal length features. Thus, the prediction task is a multiclass classification
problem which is to classify the data into Setosa, Versicolor or Virginica.

Let us import the function to download the dataset. The name of the function is load_iris.

from sklearn.datasets import load_iris
iris = load_iris()
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The object iris is a dictionary (data structure), thus we can explore it using its keys. Here, we
acquire the features and create a DataFrame using Pandas. We also assign the column names of the
DataFrame which are acquired from the dictionary.

import pandas as pd
data_df = pd.DataFrame(iris.data, columns=iris.feature_names)
print(data_df.head())

The target is acquired from the dictionary as follows:

target = iris.target

As usual, we split the dataset into training and test sets. We put aside 30% of the data as the test
set.

from sklearn.model_selection import train_test_split
X_train, X_test, y_train, y_test = train_test_split(data_df, target, test_size=0.3,

random_state=0)

We use standardization to rescale the features.

from sklearn.preprocessing import StandardScaler
scaler = StandardScaler()
X_train_std = scaler.fit_transform(X_train)

4.7.1 Perceptron

Scikit-Learn provides a module called perceptron to implement perceptron classifier. We set the
maximum iteration of the training process to 300. Then, we call fit and pass the training set to
train the model.

from sklearn.linear_model import Perceptron
model_pt = Perceptron(max_iter=300)
model_pt.fit(X_train_std, y_train)

We use the model to predict the standardized test set as follows:

X_test_std = scaler.transform(X_test)
y_pred = model_pt.predict(X_test_std)

Scikit-Learn provides a function to create a confusion matrix of the classification. The confusion
matrix allows us to analyze the performance of the classification of each class.

from sklearn.metrics import confusion_matrix, accuracy_score, classification_report
print(accuracy_score(y_test, y_pred))
print(confusion_matrix(y_test, y_pred))
print(classification_report(y_test, y_pred))
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0.9555555555555556
[[16 0 0]
[ 0 17 1]
[ 0 1 10]]

precision recall f1-score support

0 1.00 1.00 1.00 16
1 0.94 0.94 0.94 18
2 0.91 0.91 0.91 11

accuracy 0.96 45
macro avg 0.95 0.95 0.95 45

weighted avg 0.96 0.96 0.96 45

The precision, recall and F-score measures for each class are above 0.90. This shows that model
performed well in classifying the classes. The model achieved a high accuracy of 0.96.

4.7.2 Using Pipeline

Scikit-Learn provides a transformer interface called pipeline to combine data preprocessing and
data modeling steps. pipeline is used to chain multiple estimators into one and it is useful since
normally we have a fixed sequence of steps in processing the data such as standardization followed
by modeling and classification.

make_pipeline is a function for creating a pipeline. Let us import the function and create the
pipeline to standardize the data and build the logistic regression classifier.

from sklearn.pipeline import make_pipeline
model_pt_pipeline = make_pipeline(StandardScaler(), Perceptron(max_iter=300))
model_pt_pipeline.fit(X_train, y_train)

For convenience, we create a function to print out the accuracy score, confusion matrix and
classification report.

def print_evaluation(y_test, y_pred):
print(accuracy_score(y_test, y_pred))
print(confusion_matrix(y_test, y_pred))
print(classification_report(y_test, y_pred))

Using the pipeline that we created above, we pass the test set to perform the predictions. Then,
we call the print_evaluation to display the results. Notice that the standardization is internally
done in the pipeline before it is used for prediction.

y_pred = model_pt_pipeline.predict(X_test)
print_evaluation(y_test, y_pred)
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0.9555555555555556
[[16 0 0]
[ 0 17 1]
[ 0 1 10]]

precision recall f1-score support

0 1.00 1.00 1.00 16
1 0.94 0.94 0.94 18
2 0.91 0.91 0.91 11

accuracy 0.96 45
macro avg 0.95 0.95 0.95 45

weighted avg 0.96 0.96 0.96 45

A perceptron classifier can also be built by using SGDClassifier module. Using the module, we
need to specify the following parameters:

• loss is the loss function to be used
• eta0 is the value of the learning rate
• learning_rate is the learning rate schedule, either constant or changing
• tol is the stopping criteria of the training
• penalty is the regularization term, either 'l1' or 'l2'. By default, this parameter is set to

'l2'. However, regularization is not available in perceptron. Therefore, this parameter will be
set to None.

• max_iter is the training maximum number of epochs

Let us import the module and create the object by specifying the parameters. We set loss to
'perceptron', eta0 to 1, learning_rate to 'constant', penalty and tol to None and max_iter
to 300.

model_sgd_pipeline = make_pipeline(StandardScaler(), SGDClassifier(loss='perceptron',
eta0=1, learning_rate='constant', penalty=None, tol=None, max_iter=300))

model_sgd_pipeline.fit(X_train, y_train)
y_pred = model_sgd_pipeline.predict(X_test)
print_evaluation(y_test, y_pred)

0.9555555555555556
[[16 0 0]
[ 1 16 1]
[ 0 0 11]]

precision recall f1-score support

0 0.94 1.00 0.97 16
1 1.00 0.89 0.94 18
2 0.92 1.00 0.96 11

accuracy 0.96 45
macro avg 0.95 0.96 0.96 45

weighted avg 0.96 0.96 0.96 45
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4.7.3 Logistic Regression

Now, let us build a logistic regression classifier to classify the dataset. Scikit-Learn provides a
module called LogisticRegression to implement logistic regression classifier. Similarly, we use
pipeline to chain the standardization and modeling steps.

from sklearn.linear_model import LogisticRegression
model_lg_pipeline = make_pipeline(StandardScaler(), LogisticRegression())
model_lg_pipeline.fit(X_train, y_train)

Here, we evaluate the performance of the model as follows:

y_pred = model_lg_pipeline.predict(X_test)
print_evaluation(y_test, y_pred)

0.9777777777777777
[[16 0 0]
[ 0 17 1]
[ 0 0 11]]

precision recall f1-score support

0 1.00 1.00 1.00 16
1 1.00 0.94 0.97 18
2 0.92 1.00 0.96 11

accuracy 0.98 45
macro avg 0.97 0.98 0.98 45

weighted avg 0.98 0.98 0.98 45

Logistic regression achieved a better result compared to perceptron. The precision, recall and
F-score measures for each class show a higher value, and the model’s accuracy is improved by 0.02.

A logistic regression classifier can be built using the same SGDClassifier module. We need to
specify the following parameters:

• loss function is set to ’log_loss’
• max_iter is the maximum number of epochs

from sklearn.linear_model import SGDClassifier
SGDClassifier(loss='log_loss', max_iter=300)

4.7.4 Gaussian Naive Bayes

Now, let us build a naive Bayes classifier to classify the dataset. Scikit-Learn provides a module
called GaussianNB to implement Gaussian naive Bayes classifier. Besides GaussianNB, Scikit-Learn
provides BernoulliNB, MultinomialNB and CategoricalNB for modeling categorical data and text
data. Similarly, we use pipeline to chain the standardization and modeling steps.

from sklearn.naive_bayes import GaussianNB
model_nb_pipeline = make_pipeline(StandardScaler(), GaussianNB())
model_nb_pipeline.fit(X_train, y_train)
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We evaluate the performance of the model using the test set as follows:

y_pred = model_nb_pipeline.predict(X_test)
print_evaluation(y_test, y_pred)

1.0
[[16 0 0]
[ 0 18 0]
[ 0 0 11]]

precision recall f1-score support

0 1.00 1.00 1.00 16
1 1.00 1.00 1.00 18
2 1.00 1.00 1.00 11

accuracy 1.00 45
macro avg 1.00 1.00 1.00 45

weighted avg 1.00 1.00 1.00 45

Naive Bayes achieved a better result compared to perceptron and logistic regression. Naive Bayes
achieved a perfect prediction for each class with the model’s accuracy 1.0.

Exercises
1. Describe the difference between perceptron and logistic regression.

2. State the mathematical representation for logistic regression.

3. Describe the difference between softmax and sigmoid function.

4. Given a hyperplane h(x) = −8.0+x1 +1.6x2 and a set of data points as shown in the following
plot:

(a) Given a perceptron with hyperplane h, compute the predicted value of data point x1.

(b) Given a logistic regression with hyperplane h, compute the predicted value of data point
x2.
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5. Consider the following training data with two classes 0 and 1.

x1 x2 y

yes mid 0
no large 1
no mid 1
yes large 1
no small 0

(a) Calculate the prior probability of class 0 and class 1.

(b) Calculate the conditional probability of the features.

(c) Given a new data x = x1 = yes, x2 = small, predict the class of the data.



Chapter 5

k-Nearest Neighbors

5.1 Introduction
Machine learning algorithms can be categorized into parametric and non-parametric. A parametric
model refers to a model with a specific functional form that is defined by a fixed number of
parameters. The machine learning algorithms that we have seen in the previous chapters, linear
regression and logistic regression are examples of parametric models whereby the models are in
linear form. The advantages of parametric models are simple, fast to compute and require less
training data due to their strong assumption about the data. However, the assumption may not
hold which may lead to large errors. Non-parametric model refers to models that whose number
of parameters grows with the amount of training data. Unlike parametric models, non-parametric
models do not assume any specific functional form. The models do not make strong assumptions
about the data; hence they are more flexible and powerful. However, the complexity of the models
grows with the size of the training set and can be computationally infeasible for very large datasets.

k-nearest neighbors is a non-parametric algorithm that can be used for classification and regression.
The algorithm assumes that instances that belong to the same class tend to be close to each other
(Cover and Hart 1967). In other words, data points are not randomly distributed across the feature
space, but rather, spatially clustered as shown in Figure 5.1. As shown in the figure, the data points
(instances) belong to three classes, with the label y coded as 0 for blue, 1 for orange and 2 for green.
Data points belonging to blue are distributed in the upper left region of the feature space. The
green and orange data points are distributed in the lower right of the feature space with the green
data points occupying the upper part of the region while orange data points occupying the lower
part of the region.

On the basis of this assumption, if we are given a new data point, the label of the data point can
be determined based on the neighboring data points. Consider a new data point indicated by “x”
marker in red color. Based on its location, we can somehow deduce that the data point belongs to
orange. This is because there are more orange data points neighboring the new data point.

Specifically, k-nearest neighbors algorithm uses k data points in the training set that are nearest to
the test input (new data point) to decide the label of the test point. Let x́ denotes a test input and
Sn ⊆ Dtr denotes the set of k nearest neighbors of x́. The k nearest neighbors are data points with
distances smaller than the distances of other data points. Let input-output pairs in the training set
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Figure 5.1 Data points appear in clusters of three classes

but not in Sn be ∀(x, y) ∈ Dtr \ Sn. The distance of nearest neighbors, xn is

max(dist(xn, x́)) ≤ dist(x, x́) (5.1)

The prediction of k-nearest neighbor classifier is defined as follows:

p(y = c|x́, k) = 1
k

∑
(xn,yn)∈Sn

I(yn = c) (5.2)

where I(e) =
{

1 if e is true
0 if e is false

k-nearest neighbors is an example of memory-based or instance-based

learning. The predictive model is the set of training instances and k is the parameter of the
algorithm (needs to be set), which determines the number of neighbors that will be considered in the
prediction. Consider k = 3, the neighbors consist of two data points belonging to orange and one
data point belonging to green as shown in Figure 5.2(a). The predicted values are p(y = 0, x) = 0.0,
p(y = 1, x) = 0.667, p(y = 2, x) = 0.333.

Thus, the test point is classified as orange. Now when k = 10, more neighboring data points are
considered in the classification. As can be seen in Figure 5.2(b), out of ten data points, eight data
points belong to orange while two belong to green. The predicted values are p(y = 0, x) = 0.0,
p(y = 1, x) = 0.8, p(y = 2, x) = 0.2.

Note the increase in probability estimate of p(y = 1, x). In general, the prediction is more susceptible
to noise when the value of k is small. A large value of k reduces the effect of noise on the prediction
but is more computationally expensive. However, the optimal value of k depends on the data
and should be empirically selected using the validation set. Furthermore, k must be a positive
and non-zero value. It is also advisable to choose an odd value to avoid equal scores for binary
classification.
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(a) (b)

Figure 5.2 The k value defines the number of neighboring data points to be checked to determine the prediction

5.2 Distance Functions
k-nearest neighbor algorithm relies on a distance function to determine the neighbors of the test
input. The most commonly used distance function is the Euclidean distance. Euclidean distance
measures the straight line distance between two data points (Cohen, Lee, and Sklar 2016). The
distance function is defined as follows:

dist(xn, x́) =

√√√√√|Sn|∑
i=1

(xi
n − x́i)2 (5.3)

An alternative to Euclidean distance is the Manhattan distance. Manhattan distance is the distance
between two points measured at the right angle along the vertical and horizontal axes (Cohen, Lee,
and Sklar 2016).

dist(xn, x́) =
|Sn|∑
i=1

(|xi
n − x́i|) (5.4)

Hamming distance is used for categorical variables whereby the distance is measured as the number
of different symbols between the two instances (B. Waggener and W. N. Waggener 1995). For
example, the Hamming distance between two instances consists of three features as follows is 2.

x1 = (Yes, Pass, High)

x2 = (No, Fail, High)

5.3 Implementing k-Nearest Neighbors
In this section, we will be implementing k-nearest neighbors using Scikit-Learn. First, we demonstrate
k-nearest neighbors for classification problem, then k-nearest neighbors for regression problems. We
will be using the breast cancer dataset which is available from Scikit-Learn. The prediction task is
a binary classification problem which is to classify the data into malignant and benign.
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from sklearn.datasets import load_breast_cancer
from sklearn.model_selection import train_test_split

dataset = load_breast_cancer()
train_data, X_test, train_target, y_test = train_test_split(dataset.data,

dataset.target, test_size=0.3, random_state=10)

We need to set aside a part of the training set for validation purposes. Later, the validation set will
be used to find the optimal number of nearest neighbors.

X_train, X_vald, y_train, y_vald = train_test_split(train_data, train_target,
test_size=0.2, random_state=10)

We create a function to print out the accuracy score, confusion matrix and classification report.

from sklearn.metrics import accuracy_score, confusion_matrix, classification_report

def print_clf_evaluation(y_test, y_pred):
print(accuracy_score(y_test, y_pred))
print(confusion_matrix(y_test, y_pred))
print(classification_report(y_test, y_pred))

5.3.1 k-Nearest Neighbors Classifier

k-nearest neighbors classifier can be built by importing KNeighborsClassifier module. We set
the following parameters:

• n_neighbors is the number of neighbors, k to use. The default value is 5.
• metric is the distance metric to use for the tree. The default metric is 'minkowski', and with p

= 2 is equivalent to the standard Euclidean distance. The other metric values are 'manhattan'
and 'cosine'.

• p is the power parameter for the minkowski metric. The default value is 2. If p is 1, this is
equivalent to using Manhattan distance.

Let us use the default value for those parameters. Later, we will perform an experiment to find the
optimal n_neighbors value.

from sklearn.neighbors import KNeighborsClassifier
from sklearn.preprocessing import StandardScaler
from sklearn.pipeline import make_pipeline

knn_clf_pipeline = make_pipeline(StandardScaler(), KNeighborsClassifier())
knn_clf_pipeline.fit(X_train, y_train)

We evaluate the model on the test set.

y_pred = knn_clf_pipeline.predict(X_test)
print_clf_evaluation(y_test, y_pred)
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0.9707602339181286
[[ 57 2]
[ 3 109]]

precision recall f1-score support

0 0.95 0.97 0.96 59
1 0.98 0.97 0.98 112

accuracy 0.97 171
macro avg 0.97 0.97 0.97 171

weighted avg 0.97 0.97 0.97 171

Now, let us find the optimal value of n_neighbors. For this example, we will be using matplotlib,
a plotting library to produce charts and graphs. pyplot is an interface for creating various types of
plots. For example, to create a line chart, we use plot and pass the coordinates of x and y as shown
in Figure 5.3.

from matplotlib import pyplot as plt
import numpy as np

x = np.array([0, 20])
y = np.array([0, 10])
plt.plot(x, y)

Figure 5.3 A line chart

One way to find the optimal value of n_neighbors is to implement a loop that iterates over a
range of n_neighbors e.g. 1 to 20. For each iteration, we train the model with the corresponding
n_neighbors value and evaluate the model on the validation set. The validation score (accuracy) is
used to determine the optimal value of n_neighbors. We keep the score of every iteration in list
scores.
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scores = []
max_score = 0
best_k = 0
for k in range(1,20):

knn_clf_pipeline = make_pipeline(StandardScaler(),
KNeighborsClassifier(n_neighbors=k))

knn_clf_pipeline.fit(X_train, y_train)
score = knn_clf_pipeline.score(X_vald, y_vald)
if score > max_score:

max_score = score
best_k = k

scores.append(score)

We plot the score against n_neighbors. The optimal n_neighbors is 4 as shown in Figure 5.4.

plt.plot(np.arange(1,20), scores)
plt.xticks(np.arange(1,20))
plt.grid()
plt.show()
print('Best k: ', best_k)

Figure 5.4 Plot of model’s score for every k value

We rebuild the model using the optimal value of n_neighbors. Then, we evaluate the model on the
test set.

knn_clf_pipeline = make_pipeline(StandardScaler(),
KNeighborsClassifier(n_neighbors=best_k))

knn_clf_pipeline.fit(X_train, y_train)
y_pred = knn_clf_pipeline.predict(X_test)
print_clf_evaluation(y_test, y_pred)
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0.9824561403508771
[[ 59 0]
[ 3 109]]

precision recall f1-score support

0 0.95 1.00 0.98 59
1 1.00 0.97 0.99 112

accuracy 0.98 171
macro avg 0.98 0.99 0.98 171

weighted avg 0.98 0.98 0.98 171

5.3.2 Using Cross-Validation

So far, we use the hold-out method to split the dataset. It would be better to use the cross-validation
to find the optimal value of n_neighbors especially if the dataset is limited in the number of
samples. Scikit-Learn provides a function called cross_val_score to implement cross-validation
whereby the function needs to be called by passing the model, the training set and the number of
folds (optional).

Now, let us modify the for loop by replacing the line where we fit the model with the function. We
define 3 folds for the cross-validation. The function returns 3 accuracy scores, thus, we compute the
mean score and store it in list cv_scores.

from sklearn.model_selection import cross_val_score

cv_scores = []
max_score = 0
best_k = 0
for k in range(1,20):

knn_clf_pipeline = make_pipeline(StandardScaler(),
KNeighborsClassifier(n_neighbors=k))
scores = cross_val_score(knn_clf_pipeline, train_data, train_target, cv=3)
mean_score = scores.mean()
if mean_score > max_score:

max_score = mean_score
best_k = k

cv_scores.append(mean_score)

We plot the model’s scores for every k as shown in Figure 5.5.

plt.plot(np.arange(1,20), cv_scores)
plt.xticks(np.arange(1,20))
plt.grid()
plt.show()
print('Best k: ', best_k)

Then, we build the model using the best k, and evaluate the model on the test set as follows:
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Figure 5.5 Plot of model’s score for every k value using cross-validation

knn_clf_pipeline = make_pipeline(StandardScaler(),
KNeighborsClassifier(n_neighbors=best_k))

knn_clf_pipeline.fit(train_data, train_target)
y_pred = knn_clf_pipeline.predict(X_test)
print_clf_evaluation(y_test, y_pred)

0.9824561403508771
[[ 57 2]
[ 1 111]]

precision recall f1-score support

0 0.98 0.97 0.97 59
1 0.98 0.99 0.99 112

accuracy 0.98 171
macro avg 0.98 0.98 0.98 171

weighted avg 0.98 0.98 0.98 171

5.3.3 k-Nearest Neighbors Regressor

In this section, we will be implementing k-nearest neighbors for a regression problem. We will be
using California Housing dataset. First, we load the dataset and split it into training and test sets.

from sklearn.datasets import fetch_california_housing
dataset = fetch_california_housing()
X_train, X_test, y_train, y_test = train_test_split(dataset.data, dataset.target,

test_size=0.3, random_state=10)

k-nearest neighbors classifier can be built by importing KNeighborsRegressor module. The
parameters to be set are similar to KNeighborsRegressor which are n_neighbors, metric and p.

knn_reg_pipeline = make_pipeline(StandardScaler(), KNeighborsRegressor(n_neighbors=3,
metric='manhattan'))

knn_reg_pipeline.fit(X_train, y_train)

We create a function to calculate the regression loss.
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from sklearn.metrics import mean_absolute_error, mean_squared_error, r2_score
def print_reg_evaluation(y_test, y_pred):

print('Mean Absolute Error: ', mean_absolute_error(y_test, y_pred))
print('Mean Squared Error: ', mean_squared_error(y_test, y_pred))
print('R-squared: ', r2_score(y_test, y_pred))

y_pred = knn_reg_pipeline.predict(X_test)
print_reg_evaluation(y_test, y_pred)

Mean Absolute Error: 0.4195496936907838
Mean Squared Error: 0.39638406038650403
R-squared: 0.7076040506450141

Exercises
1. Explain parameter k in k-nearest neighbors algorithm.

2. Explain how does the k-nearest neighbors algorithm make the predictions on the unseen data.

3. Explain why k-nearest neighbors algorithm is not recommended for large datasets.

4. Explain how to choose the optimal value of k in k-nearest neighbors algorithm.

5. Explain k in the context of bias-variance tradeoff.



Chapter 6

Decision Tree

6.1 Introduction
Decision tree is one of the most widely used machine learning algorithms in practice due to its being
easy to understand and implement. More importantly, its predictions are understandable, making
the decision process easy to understand. Decision tree is a non-parametric algorithm that can be
used for both classification and regression problems (Breiman et al. 2017). The assumption of the
decision tree algorithm is similar to k-nearest neighbors whereby data points are not randomly
distributed in the feature space. Instead, data points belonging to a class tend to be close to
each other, thus, appearing in clusters. K-nearest neighbors algorithm simply stores the training
instances to perform predictions. Although the k-nearest neighbors algorithm is simple and can be
powerful, it is memory intensive and computationally inefficient especially when the training set
is large. Furthermore, what we are interested in is only the prediction. Consider a classification
problem of yes and no. If a test point falls in a cluster of yes, we will be able to immediately
know that the test point belongs to Yes before we calculate the distances. Therefore, the distance
calculation is not really needed if the regions of Yes and No have been defined and we know in
which region the test points fall.

This idea is implemented in the decision tree algorithm. The decision tree algorithm does not store
the training data. Instead, the training data is used to build a tree structure consisting of decision
nodes and leaf nodes that divides that feature space into regions of similar labels. Consider a tree
structure and its classification regions in Figure 6.1. The first node in the tree structure is the root
node, which represents the whole training set which consists of two input features, temperature, x1
and humidity, x2 and two labels, yes and no. This root node represents the first split whereby the
training set is split along one dimension (temperature) by defining a split-point or a threshold at
10o. The split results in two sets of instances, one with all instances with x1 ≤ 10o and the others
with x2 at 50%. Then, the region x1 ≤ 10o is split along x2 at 50% and the region x1 > 10o is split
along x2 at 30%.

The decision tree has three decision nodes including the root node, which represent the condition
for each feature split. The result of this process produces two regions representing the two labels
indicated by the last four nodes known as the leaf nodes. Thus, in decision tree, we just need to
store the conditions of the split and the labels. Given a test point, a decision tree performs the
prediction by evaluating the test point against the condition of each node and traversing through
the true branches until it reaches a leaf node. For example, given a test input x = (45, 15). The
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condition of the root node is false (x2 > 10). Thus we take the right branch and the following
condition is false (x1 > 30). The right branch is taken and the input is predicted as Yes.

Figure 6.1 Decision tree and the classification regions

Decision tree algorithm can be used for regression problems. Since the predicted value is a numerical
value, the leaf nodes represent the mean of the responses of the instances in the regions. Consider a
tree structure and its regression regions in Figure 6.2. The predicted values are estimated by the
mean of the responses in the regression regions.

Figure 6.2 Decision tree and its regression (estimated) values

6.2 Building a Tree
The accuracy of the prediction depends on where the split-point is defined for each decision node.
To find the optimal split, we measure the reduction in randomness or uncertainty after the feature is
split (Quinlan 1986). The reduction in randomness is known as information gain. The information
gain of splitting the set or node t along feature, xj at a split-point, s is given as follows:

G(t, xj , s) = H(t)− ( |tl|
|t|

H(tl) + |tr|
|t|

H(tr)) (6.1)

where tl and tr are the nodes (sets) of the left region (branch) and right region (branch) respectively
after splitting t at split-point s. |tη |

|t| is the fraction of instances in branch tη. H(tη) is the impurity
function which measures the quality of split or the homogeneity of the labels in set tη.

In the classification setting, there are two commonly used impurity functions which are entropy and
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Gini. Entropy measures the uncertainty of the feature set. Entropy function is defined as follows:

H(t) = −
C∑

c=1
pc log2 pc (6.2)

where C is the number of class labels, pc is the probability of selecting an instance of class c in node
t.

Gini measures the probability of a randomly chosen instance being wrongly labeled. Gini function
is defined as follows:

H(t) =
C∑

c=1
pc(1− pc) =

C∑
c=1

pc −
C∑

c=1
p2

c = 1−
C∑

c=1
p2

c (6.3)

where C is the number of class labels, pc is the probability of selecting an instance of class c in
node t. For two classes, the node impurity is maximum when the subsets have an equal number of
instances in which the probability of both classes is 0.5 as shown in Figure 6.3.

Figure 6.3 Impurity measures for binary classification. Entropy has been scaled to a range of [0,0.5]

Numerical Example: Consider the following split as shown in Figure 6.4. Calculate the entropy
and Gini measures and the information gain.

Figure 6.4 A decision node

Information gain of the split with entropy measure:

H(t) = −(4
7 log2

4
7 + 3

7 log2
3
7) = 0.9852

H(tl) = −(2
2 log2

2
2 + 0

2 log2
0
2) = 0.0

H(tr) = −(2
5 log2

2
5 + 3

5 log2
3
5) = 0.9710

G(t, x1, s) = 0.9852− 2
7(0)− 5

7(0.9710) = 0.2916
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Information gain of the split with Gini measure:

H(t) = 1− [(4
7)2 + (3

7)2] = 0.4898

H(tl) = 1− [(2
2)2 + (0

2)2] = 0.0

H(tr) = 1− [(2
5)2 + (3

5)2] = 0.4800

G(t, x1, s) = 0.4898− 2
7(0)− 5

7(0.4800) = 0.1469

In the regression setting, the impurity is measured by the sum of squared errors. The sum of squared
errors is defined as follows:

E(t) =
|t|∑

i=1
(yi − ŷ)2 (6.4)

where yi is the response of i-th instance and ŷ = 1
|t|

∑|t|
i=1 yi is the mean response.

Numerical Example: Consider the following data. Calculate the information gain if the x is split
at 2010 (x ≤ 2010)

x =



2010
2015
2012
2000
2018
2014
2008
2011



y =



0.20
0.35
0.25
0.15
0.40
0.27
0.45
0.26


E(t) = ∑|t|

i=1(yi − ŷ)2 = 0.0719

E(tl) = ∑|tl|
i=1(yi − ŷ)2 = 0.05167

E(tr) = ∑|tr|
i=1(yi − ŷ)2 = 0.01732

G(t, x, s) = 0.0719− 3
8(0.05167)− 5

8(0.01732) = 0.0416

Based on the information gain equation above, the optimal split can be achieved when the sum
of impurity of both branches is minimum (minimum uncertainty in both branches). Therefore,
the problem of finding the optimal split can be viewed as finding the best feature and the best
split-point for that feature which maximizes the information gain. Given a node t, find the best
feature and the best split-point can be expressed as follows:

(xj , s) = arg max
j∈{1,2,...,d},s∈Sxj

G(t, xj , s) (6.5)
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where d is the number of input features, Sxj is the set of possible split-points for feature xj . For
numerical features, the set of possible split-points can be obtained by sorting the unique values of
xi

j . For categorical features, the set of possible thresholds is replaced with the set of feature labels.
The algorithm to build a decision tree is given below. The algorithm builds a decision tree with leaf
nodes composed of one class or pure (instances in the node belong to the same class) as shown in
Algorithm 3 (Utgoff 1989).

Algorithm 3 Decision Tree Algorithm
1: repeat
2: (xj , t) = compute G(t, xj , s) where j ∈ {1, 2, ..., d}, s ∈ Sxj

3: (tl, tr) = split node t at s
4: until all leaf nodes are pure

6.3 Pruning a Tree
The algorithm builds a decision tree with zero error (misclassification) because it will keep on
splitting until all the nodes are composed of one class (pure leaf nodes). This may cause overfitting
(the model to overfit the data) (Breslow and Aha 1997). Figure 6.5 illustrates a decision tree
classifier fitted with the iris dataset. Iris dataset contains data about three different iris species:
iris setosa (Setosa), iris virginica (Virginica) and iris versicolor (Versicolor). Figure 6.5(a) shows
the structure of the tree whereby the tree grows to its full depth. Note the complexity of the tree
due to the large number of decision nodes. Figure 6.5(b) shows the decision surface of the tree.
The figure shows a few blue regions with a single data point which indicates overfitting. These
decision boundaries are induced due to the algorithm continues splitting until all leaf nodes are
pure. Consider a test point indicated by the black cross in Figure 6.5(b). The test point will be
classified as Virginica although the test point falls in the region where the majority of the data
points belong to Versicolor. To prevent overfitting when building the tree, we can limit the number
of splits in the tree structure which is known as pruning. In general, there are two approaches to
tree pruning: pre-pruning and post-pruning.

6.3.1 Pre-pruning

In pre-pruning, we stop the tree-building process if the information gain of the split does not exceed
a certain threshold. The threshold value is defined to justify the splitting of the node. In this way,
the tree will not grow too large. We can also specify the maximum depth of the tree structure. The
depth of the tree is defined by the maximum distance from the root node to a leaf node. Other
common parameters that can be defined are the minimum number of instances required to split
the node, the minimum number of instances to be a leaf and the maximum number of leaf nodes.
Figure 6.6(a) shows a pruned decision tree by specifying the maximum depth to 4. The distance is
counted by the number of paths from the root node to a leaf node. The decision boundaries of the
tree are shown in Figure 6.6(b). We can see that the blue regions now belong to green. Therefore,
using the pruned decision tree, the black cross will be classified as Versicolor. Although pre-pruning
can prevent overfitting, fine-tuning the parameters can be difficult and sometimes the obtained
model is not optimal.

Since the algorithm of building the tree is stopped before the misclassification rate is zero, some
of the leaf nodes will not be pure. How do we assign which class to a leaf node? The leaf nodes
are assigned to the class with the majority instances. For example, if leaf node s is composed of 5
instances belonging to positive class and 2 instances belonging to negative class. Node t will be
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(a)

(b)

Figure 6.5 An overfitting decision tree fitted with iris dataset (a) the structure of the decision tree and (b)
the decision boundary of the tree
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(a)

(b)

Figure 6.6 The pruned decision tree (a) the structure of the tree with maximum depth of 4 and (b) the
decision boundary of the tree
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assigned to positive class. The classification of a test point is given as follows:

c = arg max
c

p(y = c|t) (6.6)

where p(y = c|x́, t) is the predicted probability of class c given the test point which is based on the
proportion of instances belong to class c in node t. The probability of misclassification of leaf node
t is

r(t) = 1−max
c

p(y = c|t) (6.7)

6.3.2 Post-pruning

The post-pruning is to let the tree grow until the error rate is zero (full tree). Then, the size of the
tree is reduced by removing the insignificant branches. This is known as cost-complexity pruning.
In this method, we prune the tree by considering the error rate of the tree and the complexity of
the tree. The tree complexity is defined as the number of leaf nodes. The higher the number of leaf
nodes, the higher the complexity because the tree has more possibilities in partitioning the training
set.

Specifically, the pruning method is governed by the cost-complexity measure. The function is to be
minimized while pruning the tree. The function is given as follows:

Rα(T ) = R(T ) + α|T̃ | (6.8)

where |T̃ | is the tree complexity, α is the complexity parameter. R(T ) is the error rate of tree T
which is defined as follows:

R(T ) = r(t)p(t) (6.9)

where r(t) is the probability of misclassification of leaf node t. p(t) = N(t)
N where N(t) is the number

of instances in node t and N is the total number of instances.

R(T ) favors a larger tree because a large tree minimizes the error rate while |T̃ | favors a smaller
tree because a small tree minimizes the complexity of that tree.

The complexity parameter α governs the trade-off between the tree’s error rate and complexity. A
large value of α results in a smaller tree while a small value of α results in a larger tree. How do we
determine which nodes are insignificant? Consider a tree structure in Figure 6.7. We look at any
decision node and its two leaf nodes e.g. node t6 and its two descendants, t8 and t9. If the reduction
in error when splitting t6 is not significant, t8 and t9 are pruned, and t6 becomes the leaf node.

Now, how do we evaluate the reduction in error? Based on the cost-complexity function, we can
define the cost-complexity of a node, t as follows:

Rα(t) = R(t) + α (6.10)

For any node t, in general, the error rate of its branch Tt is less than or equal to its node.

R(t) ≥ R(Tt) (6.11)

where R(Tt) = R(tR) + R(tL). For example, consider node t6, the sum of error rate of t8 and t9 is
less than or equal to the error of t6. Notice that the expression is parameterized by α. We know
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Figure 6.7 A decision tree with four decision nodes and five leaf nodes

that when α is sufficiently small, R(t) ≥ R(Tt) is true. Therefore, if we choose a higher α, we will
be able to know which decision node is the weakest link.

We can rewrite R(t) ≥ R(Tt) as follows:

R(t) + α ≥ R(T ) + α|T̃ | (6.12)

Solving for α yields

α ≤ R(T )−R(t)
1− |T̃ |

(6.13)

The weakest link in a tree is

α(t) = R(T )−R(t)
1− |T̃ |

(6.14)

where R(T ) is the error rate of tree T , R(t) is the error rate of node t and |T̃ | is the number of leaf
nodes in T .

Therefore, a decision node with the lowest α is the weakest link and its branch should be pruned.
Then, the process is repeated on the pruned tree, until there is only the root node. By the end of
this procedure, we have many subtrees. The optimal tree is selected among the subtrees using a
validation set or cross-validation.

Numerical Example: Consider a tree structure in Figure 6.8. The training set consists of 10
instances belonging to yes and 10 instances belonging to no.

Iteration 1

Node t1

R(t1) = 10
20 ·

20
20 = 1

2

R(Tt1) = 0 (all leaf nodes are pure)

α(t1) =
1
2 −0
5−1 = 0.125

Node t2

R(t2) = 2
7 ·

7
20 = 1

10

R(Tt2) = 0 (all leaf nodes are pure)
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(a) (b)

(c) (d)

Figure 6.8 The prune tree for each iteration using post-pruning method

α(t2) =
1

10 −0
2−1 = 0.100

Node t3

R(t3) = 5
13 ·

13
20 = 1

4

R(Tt3) = 0 (all leaf nodes are pure)

α(t3) =
1
4 −0
3−1 = 0.125

Node t6

R(t6) = 2
7 ·

7
20 = 1

10

R(Tt6) = 0 (all leaf nodes are pure)

α(t6) =
1

10 −0
2−1 = 0.100

Cost-complexity measure for each node:

α(t1) = 0.125

α(t2) = 0.100

α(t3) = 0.125

α(t6) = 0.100

α(t6) = 0.100 is minimum, hence we prune t8 and t9 (t6 has fewer instances than t2). The subtree
T1 is given in Figure 6.8(a).

Iteration 2

Node t1

R(t1) = 10
20 ·

20
20 = 1

2
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R(Tt1) = 2
20 (all leaf nodes are pure)

α(t1) =
1
2 − 2

20
4−1 = 0.133

Node t2

R(t2) = 2
7 ·

7
20 = 1

10

R(Tt2) = 0 (all leaf nodes are pure)

α(t2) =
1

10 −0
2−1 = 0.100

Node t3

R(t3) = 5
13 ·

13
20 = 1

4

R(Tt3) = 2
20 (all leaf nodes are pure)

α(t3) =
1
4 − 2

20
2−1 = 0.150

Cost-complexity measure for each node:

α(t1) = 0.125

α(t2) = 0.100

α(t3) = 0.125

α(t2) = 0.100 is minimum, hence we prune t4 and t5. The subtree T2 is given in Figure 6.8(b).

Iteration 3

Repeat the computation for each node.

Cost-complexity measure for each node:

α(t1) = 0.150

α(t3) = 0.150

α(t3) = 0.150 is minimum, hence we prune t6 and t7 (t3 has fewer instances than t1). The subtree
T3 is given in Figure 6.8(c).

Iteration 4

Repeat the computation for each node.

Cost-complexity measure for each node:

α(t1) = 0.150

We prune t2 and t3 (there is only one node) as shown in Figure 6.8(d).

For each subtree, we evaluate their performance using a validation set or cross-validation. The
optimal tree is the one with the highest accuracy or lowest error.

6.4 Implementing Decision Tree
In this section, we will be implementing decision tree using Scikit-Learn. We will be using the same
breast cancer dataset which is available from Scikit-Learn. The prediction task is to classify the
data into malignant and benign.
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from sklearn.datasets import load_breast_cancer
from sklearn.model_selection import train_test_split
dataset = load_breast_cancer()
X_train, X_test, y_train, y_test = train_test_split(dataset.data, dataset.target,

test_size=0.3, random_state=10)

We create a function to print out the accuracy score, confusion matrix and classification report.

from sklearn.metrics import accuracy_score, confusion_matrix, classification_report

def print_clf_evaluation(y_test, y_pred):
print(accuracy_score(y_test, y_pred))
print(confusion_matrix(y_test, y_pred))
print(classification_report(y_test, y_pred))

6.4.1 Decision Tree Classifier

Decision tree classifier can be built by importing DecisionTreeClassifier module from sklearn.tree.
These are some of the parameters that can be set:

• criterion the criteria to measure the quality of a split. The possible values are 'gini'
(default) or 'entropy'.

• max_depth is the maximum depth of the tree. This parameter accepts integer value or None.
By default, the value is None which means the tree will be built until all leaves contain less
than min_samples_split samples.

• min_samples_split is the minimum number of samples required to split the node. This
parameter accepts an integer value or a float value such as 5 or 0.1. A float value refers to the
fraction of the total instances.

• min_samples_leaf is the minimum number of samples required to be at a leaf node. This
parameter accepts an integer value or a float value such as 5 or 0.1. A float value refers to the
fraction of the total instances.

• ccp_alpha is complexity parameter used for Cost-Complexity Pruning. By default, the value
is 0 which means no pruning is performed.

First, let us use the default value for those parameters.

from sklearn.tree import DecisionTreeClassifier
dt_clf = DecisionTreeClassifier(random_state=0)
dt_clf.fit(X_train, y_train)

We evaluate the model on the test set as follows:

y_pred = dt_clf.predict(X_test)
print_clf_evaluation(y_test, y_pred)
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0.9181286549707602
[[ 56 3]
[ 11 101]]

precision recall f1-score support

0 0.84 0.95 0.89 59
1 0.97 0.90 0.94 112

accuracy 0.92 171
macro avg 0.90 0.93 0.91 171

weighted avg 0.92 0.92 0.92 171

6.4.2 Using GridSearchCV

Now, let us fine-tune the parameters of the classifier. Notice that we have more than one parameter
and we can implement a nested loop to test every combination of the parameters. Fortunately,
Scikit-Learn provides a module called GridSearchCV which can perform exhaustive search over
specified parameter values for a model. By default, the function uses accuracy for the parameter
search.

First, we need to define the parameters to be passed to GridSearchCV. To do that, we create a grid
of parameters and their range of values using python’s dictionary. For example, here, we define
three parameters criterion, max_depth and min_samples_split and their range of values are
given in the list as follows:

param_grid = {'criterion': ['gini', 'entropy'],
'max_depth': [3, 4, 5, 6, 7],
'min_samples_split': [3, 5, 7, 9, 11]}

Then, we create an object of the classifier and pass the object together with the grid of parameters
to GridSearchCV. To run the parameter searching, we call fit method and pass the training
set. Conducting an exhaustive search of all the parameters is incredibly time-consuming. In this
example, there are 2 values for criterion, 5 values for max_depth and min_samples_split. This
will produce 50 different combinations of parameters. In addition to that, the module performs
cross-validation to generate a better result which by default 5-fold cross-validation. This will bring
the total number of jobs to 250.

from sklearn.model_selection import GridSearchCV
dt_clf = DecisionTreeClassifier(random_state=0)
dt_grid_search = GridSearchCV(dt_clf, param_grid)
dt_grid_search.fit(X_train, y_train)

To get the optimal parameters, we use attribute best_params_ as follows:

print(dt_grid_search.best_params_)

{'criterion': 'gini', 'max_depth': 5, 'min_samples_split': 3}

The mean score of the model with the optimal parameters is
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print(dt_grid_search.best_score_)

0.9446518987341772

We rebuild the decision tree classifier using the optimal parameters. Then, the classifier is evaluated
on the test set as follows:

dt_clf = DecisionTreeClassifier(criterion='gini', max_depth=5,
min_samples_split=3, random_state=0)

dt_clf.fit(X_train, y_train)
y_pred = dt_clf.predict(X_test)
print_clf_evaluation(y_test, y_pred)

0.9239766081871345
[[ 53 6]
[ 7 105]]

precision recall f1-score support

0 0.88 0.90 0.89 59
1 0.95 0.94 0.94 112

accuracy 0.92 171
macro avg 0.91 0.92 0.92 171

weighted avg 0.92 0.92 0.92 171

Different scoring functions can be used by specifying parameter scoring. Various metrics are
available such as 'f' for F1 score, 'recall' for recall and 'precision' for precision. The following
changes the scoring function of parameter searching to F1 score.

GridSearchCV(dt_clf, param_grid, scoring='f1')

Let us see how the decision tree classifier was constructed. We can visualize the tree using text
representation or plot method. Here, we display a text report of the decision tree rules. The function
to produce the text report is export_test.

from sklearn.tree import export_text
print(export_text(dt_clf, feature_names=list(dataset.feature_names)))
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|--- worst perimeter <= 115.35
| |--- worst concave points <= 0.16
| | |--- worst perimeter <= 102.05
| | | |--- area error <= 48.98
| | | | |--- worst smoothness <= 0.19
| | | | | |--- class: 1
| | | | |--- worst smoothness > 0.19
| | | | | |--- class: 0
| | | |--- area error > 48.98
| | | | |--- worst perimeter <= 98.62
| | | | | |--- class: 0
| | | | |--- worst perimeter > 98.62
| | | | | |--- class: 1
| | |--- worst perimeter > 102.05
| | | |--- worst texture <= 29.18
| | | | |--- worst smoothness <= 0.14
| | | | | |--- class: 1
| | | | |--- worst smoothness > 0.14
| | | | | |--- class: 0
| | | |--- worst texture > 29.18
| | | | |--- mean texture <= 24.84
| | | | | |--- class: 0
| | | | |--- mean texture > 24.84
| | | | | |--- class: 1
| |--- worst concave points > 0.16
| | |--- class: 0
|--- worst perimeter > 115.35
| |--- worst concavity <= 0.18
| | |--- class: 1
| |--- worst concavity > 0.18
| | |--- perimeter error <= 1.75
| | | |--- mean texture <= 17.12
| | | | |--- class: 1
| | | |--- mean texture > 17.12
| | | | |--- class: 0
| | |--- perimeter error > 1.75
| | | |--- class: 0

We can use plot_tree to plot (visualize) the decision tree. The function needs to be used with
Matplotlib library. The visualization of the decision tree is given in Figure 6.9.

from sklearn.tree import plot_tree
from matplotlib import pyplot as plt
plt.figure(figsize=(12,12))
plot_tree(dt_clf, feature_names=list(dataset.feature_names))
plt.show()

6.4.3 Using Post-pruning

Now, let us implement post-pruning to build an optimal decision tree classifier. Scikit-learn provides
a function called cost_complexity_pruning_path which returns the alphas and the corresponding
total leaf impurities (error rate) at each step of the pruning process.
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Figure 6.9 Visualizing the decision tree classifier

dt_clf = DecisionTreeClassifier(random_state=0)
path = dt_clf.cost_complexity_pruning_path(X_train, y_train)
ccp_alphas, impurities = path.ccp_alphas, path.impurities

We plot the impurities against the alphas. The maximum alpha value is removed, because it is the
trivial tree with only one node. The plot is given in Figure 6.10.

plt.plot(ccp_alphas[:-1], impurities[:-1], marker="o", drawstyle="steps-post")
plt.xlabel("Alpha")
plt.ylabel("Total impurity of leaves")
plt.title("Total impurity vs alpha for training set")

Next, we implement a loop to iterate over the alphas. At each iteration, a decision tree classifier is
trained using the alpha and cross-validation is performed to evaluate the classifier.
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Figure 6.10 A plot of impurities (error rate) against the alphas for the training set

from sklearn.model_selection import cross_val_score
mean_scores = []
best_score = 0
best_alpha = 0
for ccp_alpha in ccp_alphas:

dt_clf = DecisionTreeClassifier(random_state=0, ccp_alpha=ccp_alpha)
score = cross_val_score(dt_clf, X_train, y_train, cv=3)
mean_score = score.mean()
mean_scores.append(mean_score)
if mean_score > best_score:

best_score = mean_score
best_alpha = ccp_alpha

The best alpha is 0.0108 with a validation accuracy of 0.9246.

print(best_alpha)
print(best_score)

0.014873083271680028
0.9171033644717855

We plot the impurities of the tree against the alphas for the cross-validation. The plot is given in
Figure 6.11

plt.plot(ccp_alphas, mean_scores, marker="o", drawstyle="steps-post")

We build the optimal decision tree classifier using the best alpha and evaluate it on the test set.

dt_clf = DecisionTreeClassifier(random_state=0, ccp_alpha=best_alpha)
dt_clf.fit(X_train, y_train)
y_pred = dt_clf.predict(X_test)
print_clf_evaluation(y_test, y_pred)
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Figure 6.11 A plot of impurities (error rate) against the alphas for the cross-validation

0.935672514619883
[[ 52 7]
[ 4 108]]

precision recall f1-score support

0 0.93 0.88 0.90 59
1 0.94 0.96 0.95 112

accuracy 0.94 171
macro avg 0.93 0.92 0.93 171

weighted avg 0.94 0.94 0.94 171

6.4.4 Decision Tree Regressor

In this section, we will be implementing decision tree for a regression problem. We will be using
California Housing dataset. We load the dataset and split it into training and test sets.

from sklearn.datasets import fetch_california_housing
dataset = fetch_california_housing()
X_train, X_test, y_train, y_test = train_test_split(dataset.data, dataset.target,

test_size=0.3, random_state=10)

Decision tree regressor can be built by importing DecisionTreeRegressor module. The
parameters to be set are similar to DecisionTreeClassifier which are criterion, max_depth,
min_samples_split, min_samples_leaf and ccp_alpha. However, for criterion, the possible
values are 'squared_error', 'friedman_mse', 'absolute_error' and 'poisson'. The default
criterion is 'squared_error'.

Let us build a decision tree regressor with 'friedman_mse'criteria and max_depth of 4.

from sklearn.tree import DecisionTreeRegressor
dt_reg = DecisionTreeRegressor(criterion='friedman_mse', max_depth=4)

We create a function to calculate the regression loss as follows:
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from sklearn.metrics import mean_absolute_error, mean_squared_error, r2_score
def print_reg_evaluation(y_test, y_pred):

print('Mean Absolute Error: ', mean_absolute_error(y_test, y_pred))
print('Mean Squared Error: ', mean_squared_error(y_test, y_pred))
print('R-squared: ', r2_score(y_test, y_pred))

We evaluate the regressor on the test set.

y_pred = dt_reg.predict(X_test)
print_reg_evaluation(y_test, y_pred)

Mean Absolute Error: 0.5521514432172915
Mean Squared Error: 0.5692648479340473
R-squared: 0.5800771214569134

Exercises
1. Explain the properties of Gini and entropy impurity.

2. Describe which should be preferred among Gini impurity and entropy impurity.

3. Explain the mathematical formulation of information gain.

4. Explain parameters that can be used in pre-pruning to avoid overfitting.

5. Given a set of data points as shown in the following figure. Assuming a decision tree is built
to classify the dataset into red and blue classes.

(a) Calculate the information gain if the dataset is split at 4.5 along dimension x1.

(b) Assuming the decision tree consists of one decision node only which is the split at 4.5
along dimension x1, state the probability of data point x is predicted as class red.



Chapter 7

Support Vector Machine

7.1 Introduction
Perceptron seeks to find a hyperplane that can linearly separate the data points into their classes.
However, perceptron does not guarantee the hyperplane is the optimal solution. Figure 7.1 illustrates
three possible solutions among an almost infinite number of possible hyperplanes. Although the
hyperplanes perfectly separate the data points, misclassification could easily occur. For example,
it is very likely for test points belonging to negative class to be above hyperplane h3. Similarly,
test points belonging to positive class could appear below hyperplane h1. As for h2, although the
hyperplane appears to be a “better” hyperplane, the decision boundary is closer to positive class.
Thus, the misclassification rate would increase especially for positive class.

Figure 7.1 Three possible hyperplanes can linearly separate the data points perfectly

Support vector machine (SVM) finds an optimal hyperplane that best separates the data points.
This optimal solution is the hyperplane that is far away from the data points of both classes. To
this end, SVM introduces the notion of margin which is illustrated in Figure 7.2. The margin is
defined by the distance from the parallel dotted lines that are crossing the closest data points of
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both classes. The hyperplane is in the middle indicated by the blue line. The optimal hyperplane is
the one that maximizes the margin of the training instances. The idea is if the margin is maximized,
the hyperplane will be far away from the data points of both sides and reduce the chance of
misclassification.

Figure 7.2 An optimal hyperplane that separates the two classes.

How do we find the margin? Given hyperplane H0 that separates the two classes, we know that H0
is equidistant from hyperplane H1 and H2. H0 is defined by

w⊤x + b = 0 (7.1)

where x is the feature vector and w and b are the parameters of the hyperplane. For each instance
xi, we know that

w⊤xi + b ≥ +1 for all xi belong to class + 1 (7.2)

w⊤xi + b ≤ −1 for all xi belong to class − 1 (7.3)

These are the constraints that need to be respected to select the optimal hyperplane. The first
constraint states that all instances belonging to class +1 must be above H2 and the second constraint
states that all instances belonging to class −1 must be below H1. By not violating these constraints,
we are selecting two hyperplanes (that define the margin) with no data points in between them.
Let’s simplify the constraints. We multiply the first constraint on both sides with yi.

yi(w⊤xi + b) ≥ yi(+1) (7.4)

We know that for all xi belonging to class +1, yi is +1. Thus, the constraint becomes

yi(w⊤xi + b) ≥ +1 (7.5)
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We do the same for the second constraint.

yi(w⊤xi + b) ≤ yi(−1) (7.6)

We know that for all xi belonging to class −1, yi is −1. Thus, the constraint becomes

yi(w⊤xi + b) ≥ +1 (7.7)

Therefore, we can combine the two constraints as follows:

yi(w⊤xi + b) ≥ +1 for all xi (7.8)

m is the margin as shown in Figure 7.3. We know that w is a vector that is perpendicular to the
hyperplanes. If the unit vector of w is multiplied with m, we get a vector v, where it has the same
direction as w and with a distance equal to m. Let the unit vector be u = w

∥w∥ , thus v = mu.

Figure 7.3 The margin of the two hyperplanes is denoted by m

We know that H1 and H2 are

H1 : w⊤x + b = −1 (7.9)

H2 : w⊤x + b = +1 (7.10)

Let x1 is a data point on H1. If we add x1 with v, the resultant is a point on H2.

x2 = x1 + v (7.11)
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We can write H2 as follows:

w⊤(x1 + v) + b = 1 (7.12)

w⊤(x1 + m
w
∥w∥

) + b = 1 (7.13)

w⊤x1 + b + m
∥w∥2

∥w∥
= 1 (7.14)

w⊤x1 + b + m∥w∥ = 1 (7.15)

We know that w⊤x1 + b = −1. We can rewrite the equation and solve for m.

m∥w∥ = 2 (7.16)

m = 2
∥w∥

(7.17)

Therefore, margin m is maximized when ∥w∥ is minimized. For mathematical convenience, we
change from minimizing ∥w∥ to minimizing 1

2∥w∥
2.

min 1
2∥w∥

2 (7.18)

subject to yi(w⊤xi + b) ≥ 1 for i = 1, 2, ..., N .

You may skip the derivation of the solution and go to parameter solving.

We can solve the constrained optimization problem using quadratic programming (Nocedal and
Wright 1999). Before that, we restate the optimization problem by applying Lagrange multiplier.
Lagrange multiplier states that to find the maximum or minimum of a function f(x) subjected to
an equality constraint g(x), form the following expression L, set the gradient of L to zero and find
the Lagrange multiplier (parameter) λ.

L(x) = f(x)− λg(x) (7.19)

Substitute f(x) and g(x).

Lp = 1
2∥w∥

2 − λi(yi(w⊤xi + b)− 1) for all i (7.20)

Lp = 1
2∥w∥

2 −
N∑

i=1
λiyi(w⊤xi + b) +

N∑
i=1

λi (7.21)
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Differentiate Lp with respect to w and b, and set it to zero, ∂Lp

∂w = 0 and ∂Lp

∂b = 0.

w =
N∑

i=1
λiyixi (7.22)

N∑
i=1

λiyi = 0 (7.23)

Substitute w and ∑N
i=1 λiyi = 0 into Lp and simplify it.

Ld = 1
2(

N∑
i=1

λiyixi)2 −
N∑

i=1

N∑
j=1

λiλjyiyj(xi)⊤xj +
N∑

i=1
λi (7.24)

Ld =
N∑

i=1
λi − 1

2

N∑
i=1

N∑
j=1

λiλjyiyj(xi)⊤xj (7.25)

Thus, the optimization problem becomes

max
λ

[
N∑

i=1
λi − 1

2

N∑
i=1

N∑
j=1

λiλjyiyj(xi)⊤xj ] (7.26)

subject to λi ≥ 0 and ∑N
i=1 λiyi = 0.

As we can see above, the objective function now depends only on the Lagrange multipliers which is
easier to be solved. Upon solving the optimization problem, most Lagrange multipliers (λi = 0) will
be zero, and only a few of them are non-zero. The data points with λ > 0 are called the support
vectors (Cortes and V. Vapnik 1995). These support vectors lie on the edge of the margin which
defines the margin and the optimal hyperplane. From the above, we see the solution for w has the
form

w =
N∑

i=1
λiyixi (7.27)

We can use any data point on the edge of the margin to solve b. However, typically we use an
average of all the solutions for numerical stability.

b = 1
|S|

∑
s∈S

ys −w⊤xs (7.28)

where S is the set of support vector indices. Given a test point x́, the predicted value is

f̂(x) = sign(w⊤x́ + b) (7.29)

7.2 Soft Margin
Real-world data are typically noisy and not linearly separable. When the data are not separable, the
algorithm above will not be able to produce the solution to the problem. To handle non-separable
data, we relax the constraints by allowing data points within the margin. Consider the margin



Machine Learning and Deep Learning with Python 100

in Figure 7.4. Three data points are allowed to be within the margin. These "errors" need to be
quantified as indicated by ξi and included in the constraints. The variable ξi is known as slack
variable. ξi represents the amount of which the data points on the wrong side of the margin. If
ξi = 0, the data point is on the right side. If 0 ≤ ξ ≤ 1, the data point is in the margin. If ξ > 1,
the data point is on the wrong side of the hyperplane.

Figure 7.4 Data points in the margin are errors that are included in the constraints

The combined constraint is now defined as follows:

yi(w⊤xi + b) ≥ 1− ξi (7.30)

where ξi ≥ 0 and i = 1, 2, ..., N . The equation (constraint) implies that we define an error if the
prediction is on the wrong side of the margin boundary. This is called the hinge loss. Given the
prediction ŷ = (w⊤x + b), the loss function is defined as

Jhinge(y, ŷ) = max(0, 1− yŷ) (7.31)

By introducing the slack variables in the optimization problem, it is still possible to satisfy the
constraint, albeit with some data points within or on the wrong side of the hyperplane. We add a
term to the objective function which represents the total amount of which the data points on the
wrong side of their margin.

min 1
2∥w∥

2 + C
N∑

i=1
ξi (7.32)

subject to yi(w⊤xi + b)− 1 + ξ ≥ 0 and ξi ≥ 0 for i = 1, 2, ..., N

where C is the regularization parameter to control the trade-off between maximizing the margin
and minimizing the error. Figure 7.5 shows the effect of C on the hyperplanes. A small C gives
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less importance to the error term, hence more mistakes are allowed, resulting in a large margin as
shown in Figure 7.5(a). Conversely, a larger C allows fewer mistakes resulting in a smaller margin
as shown in Figures 7.5(b) and 7.5(c)

(a) (b) (c)

Figure 7.5 The effect of C on the hyperplanes

You may skip the derivation of the solution and go to parameter solving.

Using Lagrange multiplier to formulate the optimization problem with respect to the Lagrange
parameters:

Lp = 1
2∥w∥

2 + C
N∑

i=1
ξi −

N∑
i=1

λi(yi(w⊤xi + b)− 1 + ξi)−
N∑

i=1
µiξi (7.33)

where µi is the Lagrange multiplier for constraint ξi ≥ 0. Differentiate Lp with respect to w, b and
ξ, and set it to zero, ∂Lp

∂w = 0, ∂Lp

∂b = 0 and ∂Lp

∂ξ = 0.

w =
N∑

i=1
λiyixi (7.34)

N∑
i=1

λiyi = 0 (7.35)

C − λi − µi = 0 (7.36)

Since µi ≥ 0, this implies 0 ≤ λi ≤ C. Substitute the derivatives into Lp and simplify it.

Ld =
N∑

i=1
λi − 1

2

N∑
i=1

N∑
j=1

λiλjyiyj(xi)⊤xj (7.37)

subject to ∑N
i=1 λiyi = 0 and 0 ≤ λ ≤ C.

Upon solving the optimization problem using quadratic programming, data points that lie on the
correct side of the hyperplane, have their corresponding λi = 0, and the others have their λi > 0.
Of these data points, the ones that lie on the edge of the margin have their λi < C, and the rest lie
within the margin with λi = C.
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w is computed as follows:

w =
N∑

i=1
λiyixi (7.38)

As before, we can use any data point on the edge of the margin to solve b. However, typically we
use an average of all the solutions for numerical stability.

b = 1
|S|

∑
s∈S

ys −w⊤xs (7.39)

where S is the set of support vector indices. Given a test point x́, the predicted value is

f̂(x) = sign(w⊤x́ + b) (7.40)

Numerical Example: Consider the following dataset. Suppose C = 30, a soft margin SVM is
built by solving the optimization problem using quadratic programming. The Lagrange multipliers
λ are given as follows. Calculate parameter w and b.

x =



0.444 0.446
0.276 0.508
0.295 0.286
0.116 0.302
0.208 0.080
0.488 0.729
0.468 0.515
0.634 0.631
0.785 0.821
0.612 0.490


y =



−1
−1
−1
−1
−1
1
1
1
1
1


λ =



30.000
18.359
0.000
0.000
0.000
6.138
30.000
0.000
0.000
12.211


w = ∑10

i=1 λiyixi =
[
6.121 3.201

]
b = 1

|S|
∑

s∈S ys −w⊤xs = −4.316

where S = 1, 2, 6, 7, 10

Given a test point x́ = (0.515, 0.627), predict the test point using the SVM model.

ŷ = sign(w⊤x́ + b)
= sign(0.836)
= +1

7.3 Non-linear SVM with Kernel Trick
The algorithm we described above finds the linear model that divides the feature space. However,
some real-world data is non-linear and a linear model will not be able to effectively classify the data
as shown in Figure 7.6(a). As shown in the figure, no matter how we try to fit the linear model,
the decision boundary will give a bad classification result. One way to deal with this kind of data
is to extend the feature dimension by performing data transformation using basis functions such
as polynomial and spline (Boser, I. M. Guyon, and V. N. Vapnik 1992). An example of non-linear
transformation is given in Figure 7.6(b) whereby the polynomial basis function is used to map the
data points from 2-dimension to 3-dimension. After the transformation, we can easily fit a linear
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model to separate the data points.

(a) (b)

Figure 7.6 Non-linear data and the mapping of the data to a new feature space

We select a basis function, ϕ(xi) to transform each instance xi from d-dimension to m-dimension
where m is generally much larger than d. Then, the transformed dataset
ϕ(xi) = (ϕ1(xi), ϕ2(xi), ...ϕm(xi)) is used to fit the linear model f̂(ϕ(xi)) = w⊤ϕ(xi) + b. The
optimization problem of finding the optimal hyperplane has the same form except the constraints
are defined in the new feature space.

min 1
2∥w∥

2 + C
N∑

i=1
ξi (7.41)

subject to yi(w⊤ϕ(xi) + b)− 1 + ξ ≥ 0 and ξi ≥ 0 for i = 1, 2, ..., N

Reformulate the problem using Lagrange multiplier:

Ld =
N∑

i=1
λi − 1

2

N∑
i=1

N∑
j=1

λiλjyiyjϕ(xi)⊤ϕ(xj) (7.42)

subject to ∑N
i=1 λiyi = 0 and 0 ≤ λi ≤ C.

Although the mapping of the features to a high dimensional feature space allows the data to be
linearly separable, computing the transformation is expensive especially when the dimension is
very high. This is because we have to apply the transformation on each sample followed by the
inner product. The idea of the kernel trick is that the inner product between the transformed
data is not needed. Instead, we require only the kernel function that allows us to operate in the
high-dimensional space without computing the data transformation. Therefore, we just need to
apply the kernel function, k directly in the original feature space to achieve the same effect.

k(xi, xj) = ϕ(xi)⊤ϕ(xj) (7.43)
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Therefore, Ld is

Ld =
N∑

i=1
λi − 1

2

N∑
i=1

N∑
j=1

λiλjyiyjk(xi, xj) (7.44)

subject to ∑N
i=1 λiyi = 0 and 0 ≤ λi ≤ C. Given the set of support vector indices S, b can be solved

as follows:

bs = ys −
∑
m∈S

λmymk(xm, xs) (7.45)

We use an average of all the solutions for numerical stability. Given a test point x́, the predicted
value is calculated as follows:

f̂(x) = sign(
∑
s∈S

λsysk(x́, xs) + b) (7.46)

7.4 Kernels
We discuss some of the commonly used kernel functions in the literature. Polynomial kernel function
is defined as follows:

k(x, z) = (1 + x⊤z)d (7.47)

where d is the degree parameter. Consider a dataset with two input features x1 and x2 and a
polynomial kernel with a degree of 2.

k(x, z) = (1 + x⊤z)2

= (1 + x1z1 + x2z2)2

= (1 + 2x1z1 + 2x2z2 + 2x1x2z1z2 + x2
1z2

1 + x2
2z2

2)
(7.48)

We can see from the above that the dimension of the dataset is extended from 2 to 6.

ϕ(x) =



1√
2x1√
2x2

2x1x2
x2

1
x2

2


(7.49)

Radial basis function (RBF) kernel function is similar to the pdf of the normal distribution. The
kernel function is defined as follows:

k(x, z) = e−γ∥x−z∥2 (7.50)

where ∥x− z∥2 is the Euclidean distance between the two data points. Figure 7.7 shows the decision
boundaries of SVM with polynomial and RBF kernels. As shown in the figure, the data points are
not linearly separable. However, with the kernels, SVM is able to classify the data points into their
classes.

RBF kernel has a parameter γ that defines the spread of the kernel or the decision region of the
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(a) (b)

Figure 7.7 Decision boundaries of non-linear SVM with (a) polynomial and (b) RBF kernels

support vectors. In other words, it determines how far the influence of a support vector in the
prediction. A small value of γ means a large decision region area while a large value of γ means
small decision region area. The effect of γ is illustrated in Figure 7.8. As can be seen in the figure,
when γ is small, the model fails to capture the complexity of the data and the model behaves
similarly to a linear model, separating the data points on the right from the left. When γ is set to a
larger value, the model becomes more non-linear and able to learn the complexity of the data as
shown in Figure 7.8(b) and Figure 7.8(c).

(a) (b) (c)

Figure 7.8 The effect of gamma on the decision boundaries

Numerical Example: Consider the following dataset. Suppose a non-linear SVM with RBF
kernel and γ = 0.8 is built by solving the optimization problem using quadratic programming. The
Lagrange multipliers λ are given as follows:

x =



0.481 0.326
0.75 0.282
0.771 0.484
0.856 0.745
0.818 0.211
0.331 0.242


y =



−1
−1
−1
1
1
1


λ =



47.777
37.501
50.000
35.278
50.000
50.000


All data points are support vectors since all λi > 0. Thus, support vector indices S = 1, 2, 3, 4, 5, 6.
Thus, b can be solved as follows:

bs = ys −
∑

m∈S λmymk(xm, xs)
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b1 = 11.643, b2 = 11.370, b3 = 15.719, b4 = 1.449, b5 = 4.832, b6 = −0.683

b = 1
|S|

∑|S|
i=1 bi = 7.388

Given a test point x́ = (0.614, 0.258), predict the test point using the SVM model.

f̂(x́) = sign(
∑
s∈S

λsysk(x́, xs) + b)

= sign(−3.717)
= −1

7.5 Support Vector Regression
Support vector machine can be generalized for regression problems (Drucker et al. 1996). Similar to
other regression models, support vector regression aims to fit the best line or hyperplane through
the data points. However, in support vector regression, the best-fitted hyperplane is not a function
that minimizes the error between the real and predicted value. Instead, support vector regression
finds a hyperplane such that the margin has the most data points within it while fitting the error to
be below a certain threshold ϵ. In other words, the best-fitted line is the one that has at most ϵ
deviation from the target of the training set.

Figure 7.9 The prameters for the support vector regression

Figure 7.9 illustrates a support vector regression. The fitted line is indicated by the blue line and
the boundary lines of the margin (also known as ϵ-tube) are indicated by the green dash lines. The
error of the data points within the tube is tolerated (zero) while for data points that are outside
the tube, the loss is the distance between the data points and the boundary lines. Thus, the loss
function is defined as follows:

L =
{

0, if|yi −w⊤xi + b| < ϵ

|yi −w⊤xi + b| − ϵ, otherwise
(7.51)

Similar to the soft margin hyperplane in support vector classification, the slack variables are
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introduced to represent the error of data points that are out of the ϵ-tube. Thus, the optimization
problem is given as follows:

min 1
2∥w∥

2 (7.52)

subject to


|yi −w⊤xi + b| ≤ ϵ + ξi

+
|w⊤xi + b− yi| ≤ ϵ + ξi

−
ξi

+, ξi
− ≥ 0

for i = 1, 2, . . . , N

Notice that there are two types of slack variables, for positive and negative errors to keep them
positive. We restate the optimization problem by applying Lagrange multiplier:

Lp =1
2∥w∥

2 + C
N∑

i=1
(ξi

+ + ξi
−)

−
N∑

i=1
λi

+(ϵ + ξi
+ − yi + (w⊤xi + b))

−
N∑

i=1
λi

−(ϵ + ξi
− + yi − (w⊤xi + b))

−
N∑

i=1
µi

+ξi
+ −

N∑
i=1

µi
−ξi

−

(7.53)

Lp =1
2∥w∥

2 + C
N∑

i=1
(ξi

+ + ξi
−)

−
N∑

i=1
λi

+ϵ−
N∑

i=1
λi

+ξi
+ +

N∑
i=1

λi
+yi −

N∑
i=1

λi
+(w⊤xi + b)

−
N∑

i=1
λi

−ϵ−
N∑

i=1
λi

−ξi
+ −

N∑
i=1

λi
−yi +

N∑
i=1

λi
−(w⊤xi + b)

−
N∑

i=1
µi

+ξi
+ −

N∑
i=1

µi
−ξi

−

(7.54)

Differentiate Lp with respect to w, b and ξ, and set it to zero, ∂Lp

∂w = 0, ∂Lp

∂b = 0 and ∂Lp

∂ξ+
= 0.

w =
N∑

i=1
(λi

+ − λi
−)xi (7.55)

N∑
i=1

(λi
− − λi

+) = 0 (7.56)

C −
N∑

i=1
(λi

+ + µi
+) = 0 (7.57)



Machine Learning and Deep Learning with Python 108

Substitute the derivatives into Lp and simplify it as follows:

Lp =1
2

N∑
i=1

N∑
j=1

(xi)⊤xj(λi
+ − λi

−)(λj
+ − λj

−)

+
N∑

i=1
(λi

+ + µi
+)

N∑
i=1

(ξi
+ + ξi

−)

+
N∑

i=1
yi(λi

+ − λi
−)−

N∑
i=1

ϵ(λi
+ + λi

−)

−
N∑

i=1
λi

+ξi
+ −

N∑
i=1

λi
−ξi

− −
N∑

i=1
µi

+ξi
+ −

N∑
i=1

µi
−ξi

−

(7.58)

Lp =1
2

N∑
i=1

N∑
j=1

(xi)⊤xj(λi
+ − λi

−)(λj
+ − λj

−)

+
N∑

i=1
yi(λi

+ − λi
−)−

N∑
i=1

ϵ(λi
+ + λi

−)

+
N∑

i=1
λi

+ξi
+ +

N∑
i=1

λi
+ξi

− +
N∑

i=1
µi

+ξi
+ +

N∑
i=1

µi
+ξi

−

−
N∑

i=1
λi

+ξi
+ −

N∑
i=1

λi
−ξi

− −
N∑

i=1
µi

+ξi
+ −

N∑
i=1

µi
−ξi

−

(7.59)

Lp =1
2

N∑
i=1

N∑
j=1

(xi)⊤xj(λi
+ − λi

−)(λj
+ − λj

−)

+
N∑

i=1
yi(λi

+ − λi
−)−

N∑
i=1

ϵ(λi
+ + λi

−)
(7.60)

subject to


∑N

i=1(λi
− − λi

+) = 0
0 ≤ λi

+ ≤ C

0 ≤ λi
− ≤ C

.

Upon solving the optimization problem using quadratic programming, data points that lie within
ϵ-tube have λi

+ = λi
− = 0. The support vectors have λi

+ > 0 or λi
− > 0, and we use them to calculate

b. The dot product (xi)⊤xj can be replaced with a kernel k(xi, xj) and we can have a non-linear
support vector regression.

7.6 Implementing Support Vector Machine
In this section, we will be implementing support vector machine using Scikit-Learn. We will be
using the raisin dataset which can be downloaded from UC Irvine Machine Learning Repository.
The data was collected from 900 raisins, including 450 from Kecimen and Besni raisin varieties
grown in Turkey. The dataset contains seven morphological features which were extracted from the
raisin images. The prediction task is a binary classification problem which is to classify the data
into Kecimen and Besni raisin. The dataset is stored in zip file format. We will be using wget, a
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utility function to download remote files from Internet. We also need to install ZipFile library to
extract the zip file. Use conda or pip to install wget and ZipFile.

import pandas as pd
import wget
from zipfile import ZipFile

We use wget to download the file using the URL of the dataset.

data_url = 'https://archive.ics.uci.edu/ml/machine-learning-databases/
00617/Raisin_Dataset.zip'
wget.download(data_url)

Let us extract the zip file. The extracted file is contained in a folder name Raisin_Dataset.

with ZipFile('Raisin_Dataset.zip') as zObject:
zObject.extractall()

The dataset file is available in two different formats, xlsx and arff. Let us read the xlsx file using
Pandas. To read xlsx file, we need to install OpenPyXL library.

dataset = pd.read_excel('Raisin_Dataset/Raisin_Dataset.xlsx')

Prepare the dataset for splitting into training and test sets.

y = dataset['Class']
X = dataset.drop(columns=['Class'])

We split the dataset into training and test sets.

from sklearn.model_selection import train_test_split
X_train, X_test, y_train, y_test = train_test_split(X, y, test_size=0.3, random_state=10)

We create a function to print out the accuracy score, confusion matrix and classification report.

from sklearn.metrics import accuracy_score, confusion_matrix, classification_report

def print_clf_evaluation(y_test, y_pred):
print(accuracy_score(y_test, y_pred))
print(confusion_matrix(y_test, y_pred))
print(classification_report(y_test, y_pred))

Support vector machine classifier can be built by importing SVC module from sklearn.svm. These
are some of the parameters that can be set:

• C is the regularization parameter. This parameter accepts a positive integer value only. The
default value is 1.

• kernel specifies the kernel type to be used in the algorithm. The possible values are 'linear',
'poly', 'rbf', 'sigmoid' and 'precomputed'. The default kernel is 'rbf'.

• degree is the degree of the polynomial kernel function ('poly'). This parameter will be ignored
by all other kernels. This parameter accepts integer value e.g. 2.
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• gamma is kernel coefficient for 'rbf', 'poly' and 'sigmoid'. The possible values are 'scale'
(default), 'auto' or float value. If 'scale' is specified, gamma is 1

d·σ2 where d is the number of
features and σ2 is the variance of the feature data. If 'auto' is specified, gamma is 1

d .
• coef0 is an independent term in kernel function and it is only used in 'poly' and 'sigmoid'.

This parameter accepts float value.

7.6.1 Linear SVM

First, let us build a linear SVM classifier.

from sklearn.svm import SVC
from sklearn.preprocessing import MinMaxScaler
from sklearn.pipeline import make_pipeline

svc_pipeline = make_pipeline(MinMaxScaler(), SVC(kernel='linear', C=1))
svc_pipeline.fit(X_train, y_train)

We evaluate the model on the test set.

y_pred = svc_pipeline.predict(X_test)
print_clf_evaluation(y_test, y_pred)

0.8777777777777778
[[109 17]
[ 16 128]]

precision recall f1-score support

Besni 0.87 0.87 0.87 126
Kecimen 0.88 0.89 0.89 144

accuracy 0.88 270
macro avg 0.88 0.88 0.88 270

weighted avg 0.88 0.88 0.88 270

In the previous chapter, we demonstrated the use of make_pipeline to sequentially apply a list of
steps such as standardization followed by model training. When using make_pipeline, each step is
assigned a name which is generated automatically.

Pipeline module is used when the step names need to be manually specified. The purpose
of manually specifying the step names is to assemble several steps while searching for different
parameters using GridSearchCV. With GridSearchCV, we need to define a parameter grid for various
steps in the pipeline. For this, we need to specify the step name and the parameter name separated
by __.

For example, the pipeline consists of MinMaxScaler and SVC with linear kernel. We assign a name
for each step such as 'scaler' and 'svc'. Then, we create an object of Pipeline by passing the
pipeline’s steps.
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from sklearn.pipeline import Pipeline
scaler = MinMaxScaler()
svc = SVC(kernel='linear')
pipeline_steps = [('scaler', scaler), ('svc', svc)]
svc_pipeline = Pipeline(steps=pipeline_steps)

7.6.2 Using GridSearchCV

We define the parameter grid for GridSearchCV. There is no parameter for MinMaxScaler. We
need to define the range of values for parameter C for SVC. To do that, we define the step name and
parameter name separated by __ as follows:

param_grid = {'svc__C': [0.01, 0.1, 0.5, 1, 3, 5, 10]}

Create the object of GridSearchCV and call fit to search for optimal C value.

from sklearn.model_selection import GridSearchCV
svc_grid_search = GridSearchCV(svc_pipeline, param_grid, cv=10)
svc_grid_search.fit(X_train, y_train)

The optimal value of C is

print(svc_grid_search.best_params_)

{'svc__C': 5}

We rebuild the SVM classifier with the optimal C value and evaluate the classifier.

svc_pipeline = make_pipeline(MinMaxScaler(), SVC(kernel='linear', C=5))
svc_pipeline.fit(X_train, y_train)
y_pred = svc_pipeline.predict(X_test)
print_clf_evaluation(y_test, y_pred)

0.8851851851851852
[[109 17]
[ 14 130]]

precision recall f1-score support

Besni 0.89 0.87 0.88 126
Kecimen 0.88 0.90 0.89 144

accuracy 0.89 270
macro avg 0.89 0.88 0.88 270

weighted avg 0.89 0.89 0.89 270

7.6.3 Non-Linear SVM

Let us build a non-linear SVM classifier using RBF kernel.
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scaler = MinMaxScaler()
svc = SVC(kernel='rbf')
pipeline_steps = [('scaler', scaler), ('svc', svc)]
svc_pipeline = Pipeline(steps=pipeline_steps)

We define the parameter grid for GridSearchCV to determine the optimal values and run the
parameter searching.

param_grid = {'svc__C': [0.01, 0.1, 0.5, 1, 3, 5, 10],
'svc__gamma': ['scale', 'auto']}

svc_grid_search = GridSearchCV(svc_pipeline, param_grid, cv=10)
svc_grid_search.fit(X_train, y_train)

The optimal parameters are

svc_grid_search.best_params_

{'svc__C': 5, 'svc__gamma': 'scale'}

We build the non-linear SVM classifier using the optimal parameters.

svc_pipeline = make_pipeline(MinMaxScaler(), SVC(kernel='rbf',
C=5, gamma='scale'))

svc_pipeline.fit(X_train, y_train)
y_pred = svc_pipeline.predict(X_test)
print_clf_evaluation(y_test, y_pred)

0.8888888888888888
[[107 19]
[ 11 133]]

precision recall f1-score support

Besni 0.91 0.85 0.88 126
Kecimen 0.88 0.92 0.90 144

accuracy 0.89 270
macro avg 0.89 0.89 0.89 270

weighted avg 0.89 0.89 0.89 270

In this section, we will be implementing support vector machine for a regression problem. We will
be using California Housing dataset. We load the dataset and split it into training and test sets.

from sklearn.datasets import fetch_california_housing
dataset = fetch_california_housing()
X_train, X_test, y_train, y_test = train_test_split(dataset.data, dataset.target,

test_size=0.3, random_state=10)

Support vector machine regressor can be built by importing SVR module. The parameters to be
set are similar to SVC which are C, kernel, degree, gamma, coef0 and epsilon. epsilon is an
additional parameter which determines the width of the tube around the estimated hyperplane.
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The default value of epsilon is 0.1.

from sklearn.svm import SVR
svr = SVR(C=0.5, epsilon=0.2)
svr_pipeline = make_pipeline(MinMaxScaler(), svr)
svr_pipeline.fit(X_train, y_train)

We create a function to calculate the regression loss.

from sklearn.metrics import mean_absolute_error, mean_squared_error, r2_score
def print_reg_evaluation(y_test, y_pred):

print('Mean Absolute Error: ', mean_absolute_error(y_test, y_pred))
print('Mean Squared Error: ', mean_squared_error(y_test, y_pred))
print('R-squared: ', r2_score(y_test, y_pred))

We evaluate the model on the test set.

y_pred = svr_pipeline.predict(X_test)
print_reg_evaluation(y_test, y_pred)

Mean Absolute Error: 0.4618549114230757
Mean Squared Error: 0.4732671164943599
R-squared: 0.6508906344747241

Exercises
1. Explain the main principle of SVM.

2. Explain the properties of Hinge loss.

3. Explain the role of C and how it affects the bias-variance trade-off.

4. Explain the concept of kernel trick.

5. Explain the effect of γ in support vector classifier with RBF kernel.

6. Explain the effect of using different ξ on bias and variance in support vector regression.



Chapter 8

Clustering

8.1 Introduction
In many cases, we are given a dataset but the instances have no labels associated with it. Specifically,
we are given only xi and not the label yi. Thus, we do not know how many labels are there
in the data, and which xi comes from which yi. This dataset is known as unlabeled dataset
D = x1, x2, ..., xN . Since the labels are not known, we need to estimate the labels. Then, given the
labels, we estimate the labels of the instances based on certain assumptions as shown in Figure 8.1.
This problem is known as clustering.

Figure 8.1 Clustering is partitioning the instances into a number of groups (clusters) such that instances
belonging to a group are close to each other

8.2 k-Means
Suppose we have a dataset consisting of N instances. We want to partition the instances into
k clusters. We can view a cluster as a group of data points that are close to each other which
means the distances between the data points within the cluster are smaller than the distances
between the data points and the data points outside the cluster. Thus, in k-means, the clusters are
represented by the center of clusters, also known as the centroid (Forgy 1965; Lloyd 1982). The
k-means clustering process can be divided into two repeating steps: cluster assignment and centroid
update. The assignment step assigns data points to one of the k clusters based on the distance
between the data points and the centroids. Let µk denote the centroid k. Data point xi is assigned
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to cluster µk whereby the distance between the data point and the centroid is minimum.

ri = arg min
k
∥xi − µk∥2 (8.1)

where ri is the index of cluster k = 1, 2, ..., K to which xi is assigned to and ∥xi − µk∥2 is the
euclidean distance.

After the assignment step, each centroid is updated by calculating the mean of the data points that
are assigned to it. Let Nk denote the number of data points that are assigned to cluster k. The
centroid update is given as follows:

µk = 1
Nk

∑
i:ri=k

xi (8.2)

The goal is to find the assignment of the data points such that the distances between the data points
of the clusters and their centroids are minimum. Thus, the two steps are repeated to minimize the
following objective function.

(r1, ..., rN , µ, ..., µK) = arg min
(r1,...,rN ,µ1,...,µK)

N∑
i=1
∥xi − µri∥2 (8.3)

k-means algorithm is given in Algorithm 4. We begin by specifying the number of clusters K. Each
centroid is randomly initialized. In the next section, we will discuss an improved initialization
method for the centroids. Then, repeatedly assign each data point to its nearest centroid and update
each centroid by calculating the mean of all data points assigned to it. The algorithm is terminated
when the assignments no longer change. Figure 8.2 illustrates the k-means clustering process.

Algorithm 4 k-Means Algorithm
1: initialize µ1, µ2, ..., µK

2: repeat
3: Assignment: ri ← arg mink∥xi − µk∥2
4: Update: µk ← 1

Nk

∑
i:ri=k xi

5: until converged

Numerical Example: Consider the following set of data points.

x =


4 3
5 4
1 1
2 1


Suppose k = 2. Initialize the centroids.

µk =
[
1 1
2 1

]
For each data point, calculate its distance to the centroids.

For example, the distance between x1 and µ1 and µ2 are

d1
1 =

√
(4− 1)2 + (3− 1)2 = 3.61

d1
2 =

√
(4− 2)2 + (3− 1)2 = 2.83
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(a) (b) (c)

(d) (e) (f)

Figure 8.2 k-means steps are performed repeatedly until converged

d1 =


3.61

5
0
1



d2 =


2.83
4.24

1
0


For each data point, assign it to the closest centroid.

r =


2
2
1
2


Update the centroids.

µ1 = (1, 1)

µ2 = (4+5+2
3 , 3+4+1

3 ) = (11
3 , 8

3)

The computation is repeated until the centroids no longer change.

8.2.1 k-Means++

Random initialization could lead to inconsistency and sub-optimal clustering. Consider a set of
data points as shown in Figure 8.3. Assuming the number of clusters is 2 and the centroids are
initialized randomly and happen to be at the location indicated by “x” marker in green and red
colors. The data points at the top region are closer to the green marker while the data points at the
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bottom region are closer to the red marker. The k-means algorithm will converge with the data
points at the bottom region clustered together and the data points at the top region forming the
second cluster. This is a sub-optimal clustering because the distance between the data points on
the left and right is larger than the distance of the data points from the top to the bottom.

Figure 8.3 k-means algorithm produces a sub-optimal clustering due to the location of the initial centroids

k-means++ is an initialization method for k-means clustering algorithm (Arthur and Vassilvitskii
2007). Rather than just randomly initialize the centroids, k-means++ randomly chooses one of the
data points to be the first centroid. Then, the subsequent centroids are chosen from the remaining
data points with the probability proportional to the distance of the data points to the previously
chosen centroid. As a result, the centroids will be far away from each other. The algorithm of
k-means++ is given in Algorithm 5:

Algorithm 5 k-means++ Algorithm
1: Randomly pick one data point as the first centroid µ1
2: for k = 1 to K do
3: Compute the distance of each data point from µk, d(xi) = ∥xi − µk∥2

4: Compute the probability for each data point, p(xi) d(xi)∑N

j=1 d(xj)
5: Choose one data point with the largest probability as µk+1
6: end for

8.2.2 Choosing the Value of k

As discussed, the number of clusters affects the clustering result. Thus, it is important to carefully
choose the value of k. Unfortunately, there is no standard method to choose the value of k. It
is common for the value of k to be chosen manually through visualization or based on domain
knowledge. Typically, the value of k is estimated based on some later or downstream purpose. For
example, consider a clustering problem in banking as shown in Figure 8.4(a). The features are
income and debt. The data points can be grouped into four clusters. The clusters at the lower
regions may represent customers with low debt, one with low income indicated by the blue oval and
the second cluster with high income indicated by the green oval. The clusters at the top region
represent customer with high debt and low income (purple oval) and high income (brown oval).
Instead of four clusters, the data points can be grouped into eight clusters in which the clusters
represent customers with low debt and high debt, but with different income scales as shown in
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Figure 8.4(b).

(a) (b)

Figure 8.4 The number of clusters is defined based on a downstream purpose

Another way of defining the number of clusters is to determine the value based on the objective
function. The objective function which is the sum of squared distances between the data points and
their centroids indicates the compactness of the clusters (Blömer et al. 2016). As the value of k
increases, the sum of squared distances decreases because each cluster will have fewer data points
and the data points will be closer to their clusters. However, at some point, the rate of decrease of
the sum of squared distances will start to decline due to overfitting. The value of k at which the
decrease rate starts to decline is known as the elbow. Figure 8.5 shows a plot of sum of squared
distances against different values of k. A sharp decrease in the sum of squared distances can be
observed for the number of clusters equal to 2 to 4. Also, it is observed that the sum of squared
distances starts to stagnant for the following number of clusters. Thus, the value of k is chosen to
be 4.

Figure 8.5 A plot of sum of squared distances against number of clusters. The elbow is indicated by the red
circle

8.3 Hierarchical Agglomerative
The clustering results of k-means algorithm depend on the value of k and the results may vary
from one clustering to another. Unlike k-means, hierarchical agglomerative clustering is a clustering
algorithm that does not require a pre-specified number of clusters (Nielsen 2016). The algorithm
begins with every data point representing a singleton cluster, in other words, there will be N number
of clusters. Then, the algorithm recursively merges a pair of clusters with the closest distance until
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all data points are merged into a single cluster. The iterative process is illustrated in Figure 8.6.
There are five data points whereby each representing a singleton cluster. At each iteration, two
closest clusters are merged into a single cluster, resulting in one less cluster. For example, in Figure
8.6(a), cluster 1 and cluster 2 are merged since those two are the closest pair. This step produces
one less cluster (cluster 1-2, cluster 3, cluster 4 and cluster 5). In the next iteration, cluster 4 and
cluster 5 are the closest pair, hence the clusters are merged as shown in Figure 8.6(b). This process
is repeated until all clusters are progressively merged, as shown in Figures 8.6(c) and 8.6(d).

(a) (b)

(c) (d)

Figure 8.6 Data points are iteratively merged based on the distance between the clusters

8.3.1 Dendrogram

The iterative process produces a hierarchical representation in which the clusters at each level of the
hierarchy are created. The hierarchical representation is called dendrogram. Figure 8.7(a) shows
the dendrogram of clustering the data points in Figure 8.6. A dendrogram is a tree-like structure
representing the order of the cluster merging process. The leaf nodes (numbers at the bottom of the
figure) are the initial clusters. The horizontal lines connecting the clusters indicate the merging of
two pairs of clusters. Furthermore, the lines show the sequence at which the clusters are merged at
every level (iteration) with the connected lines at the bottom indicates the first in the sequence
while the connected lines at the top is the last pair of clusters to be merged. The height of lines is
proportional to the distance between the clusters. Clustering of a given size is induced if we cut
the dendrogram at any given height. For example, if we cut at 5.0, two clusters will be induced as
shown in Figure 8.7(b) on the right.
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(a) (b)

Figure 8.7 (a) The resulting dendrogram and (b) cutting the dendrogram at 5.0 induces two clusters indicated
by orange and green lines

8.3.2 Linkage

Linkage specifies the dissimilarity or distance between two clusters (Murtagh and Contreras 2012).
The distances between the clusters in Figure 8.6 are computed using single linkage or also known as
nearest neighbor linkage. Single linkage defines the distance between two clusters G and H as the
minimum distance between two data points in G and H.

dSL(G, H) = min
x∈G,z∈H

d(x, z) (8.4)

where d(x, z) is the Euclidean distance. Single linkage defines the distance by considering only a
pair of closest data points from two clusters regardless of the similarity of the other data points of
the clusters. This has the effect of “chaining” whereby the algorithm tends to merge two clusters
if two data points from these clusters are close enough regardless of the other data points in the
clusters. As a result, the clusters that will be formed are not compact or have high within-cluster
variation as shown in Figure 8.8.

(a) (b)

Figure 8.8 Clustering the data using single linkage agglomerative clustering: (a) the clustering result and (b)
the dendrogram

Complete linkage is the opposite of single linkage whereby the distance between two clusters is
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determined by the maximum distance between two points in G and H.

dCL(G, H) = max
x∈G,z∈H

d(x, z) (8.5)

Since the linkage is defined by the maximum distance, two clusters are considered close (or merged)
if the data points in the clusters are relatively similar. Thus, the algorithm tends to produce more
compact clusters. However, data points assigned to a cluster could be closer to data points of other
clusters than they are to some data points of their own cluster. As shown in Figure 8.9, some data
points that are assigned to purple cluster are closer to yellow cluster.

(a) (b)

Figure 8.9 Clustering the data using complete linkage agglomerative clustering: (a) the clustering result and
(b) the dendrogram

Average linkage defines the distance between two clusters by calculating the average distance between
all data points in the clusters. The linkage is defined as follows:

dAL(G, H) = 1
NGṄH

∑
x∈G,z∈H

d(x, z) (8.6)

where NG and NH are the number of data points in cluster G and H. Average linkage tries to strike
a balance whereby all data points in the clusters contribute equally in determining the distance
between the clusters. Hence, the clusters tend to be more compact and far apart as shown in Figure
8.10.

Ward linkage is another linkage that produces a good clustering result. The linkage defines the
distance between two clusters by considering the increase in variance when the clusters are merged.
Ward linkage is defined as follows:

dW L(G, H) =
∑

x∈G∪H

d(x, µG∪H)−
∑
x∈G

d(x, µG)−
∑
x∈H

d(x, µH)

= NGNH

NG + NH
d(µG, µH)

(8.7)

where NG and NH are the number of data points in cluster G and H. Instead of calculating the
distance between the data points, ward linkage calculates the distance between the data points and
the centroid of the clusters. Hence, the clusters are compact and far apart as shown in Figure 8.11.

Numerical Example: Consider the following set of data points.
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(a) (b)

Figure 8.10 Clustering the data using complete linkage agglomerative clustering: (a) the clustering result and
(b) the dendrogram

(a) (b)

Figure 8.11 Clustering the data using complete linkage agglomerative clustering: (a) the clustering result and
(b) the dendrogram

x =



1.0 1.0
1.5 1.5
5.0 5.0
3.0 4.0
4.0 4.0
3.0 3.5


Suppose we use complete linkage. Calculate the distance between the data points. The distance
matrix is given as follows:

x1 x2 x3 x4 x5 x6

x1 0.00 0.71 5.66 3.61 4.24 3.20
x2 0.71 0.00 4.95 2.92 3.54 2.50
x3 5.66 4.95 0.00 2.24 1.41 2.50
x4 3.61 2.92 2.24 0.00 1.00 0.50
x5 4.24 3.54 1.41 1.00 0.00 1.12
x6 3.20 2.50 2.50 0.50 1.12 0.00
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where the first row lists the distances between x1 and other data points, second row lists the
distances between x2 and other data points, etc.

Merge two closest clusters. We merge x4 and x6 since their distance is minimum (closest). Then,
complete linkage is used to determine the distance between x4−6 and other data points. The distance
matrix is given as follows:

x1 x2 x3 x4−6 x5

x1 0.00 0.71 5.66 3.61 4.24
x2 0.71 0.00 4.95 2.92 3.54
x3 5.66 4.95 0.00 2.50 1.41

x4−6 3.61 2.92 2.50 0.00 1.12
x5 4.24 3.54 1.41 1.12 0.00

We repeat the process. Merge two closest clusters. We merge x1 and x2 since their distance is
minimum (closest). Then, complete linkage is used to determine the distance between x1−2 and
other data points. The distance matrix is given as follows:

x1−2 x3 x4−6 x5

x1−2 0.00 5.66 3.61 4.24
x3 5.66 0.00 2.50 1.41

x4−6 3.61 2.50 0.00 1.12
x5 4.24 1.41 1.12 0.00

We repeat the process. Merge two closest clusters. We merge x4−6 and x5 since their distance is
minimum (closest). Then, complete linkage is used to determine the distance between x4−5−6 and
other data points. The distance matrix is given as follows:

x1−2 x3 x4−5−6

x1−2 0.00 5.66 4.24
x3 5.66 0.00 2.50

x4−5−6 4.24 2.50 0.00

We repeat the process. Merge two closest clusters. We merge x3 and x4−5−6 since their distance is
minimum (closest). Then, complete linkage is used to determine the distance between x3−4−5−6
and x1−2. The distance matrix is given as follows:

x1−2 x3−4−5−6

x1−2 0.00 5.66
x3−4−6−6 5.66 0.00

We repeat the process. Merge x1−2 and x3−4−5−6 since there are two clusters only. The dendrogram
of the clustering is given in Figure 8.12.
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Figure 8.12 The dendrogram of complete linkage agglomerative clustering

8.4 Implementing Clustering Methods
In this section, we will be implementing the clustering methods using Scikit-Learn. We will generate
synthetic data and then model it using the clustering methods. Scikit-Learn provides a function
called make_blobs to generate isotropic Gaussian blobs. Let us import the function.

from sklearn.datasets import make_blobs
import numpy as np

make_blobs has several parameters which can be specified to control the synthetic data generation.

• n_samples is the total number of data points of the clusters. This parameter accepts an
integer or an array. If the value is integer, it is the total number of data points equally divided
among clusters. If an array is specified, each element of the array indicates the number of
data points per cluster. The default value is 100.

• centers is the number of cluster centers to generate. This parameter accepts an integer value
or None. This parameter is None by default and the number of clusters depends on parameter
n_samples.

• n_features is the number of features for each instance. This parameter accepts an integer
value and by default, the value is 2.

• cluster_std is the standard deviation of the clusters. By default, the value is 1.0.

Let us generate 4 clusters with 1.5 standard deviation and each cluster consists of 250 data points.
The number of features is 2.

X, y = make_blobs(n_samples=500, n_features=2, centers=4, cluster_std=1.7)

Let us plot the data points using scatter plot. We set the size of the data points by passing a value
to parameter s. The scatter plot is given in Figure 8.13.



Machine Learning and Deep Learning with Python 125

from matplotlib import pyplot as plt
plt.figure(figsize=(8,6))
plt.scatter(X[:,0], X[:,1], s=3)

Figure 8.13 The generated data points

8.4.1 k-means Clustering

k-means clustering model can be built by importing KMeans module from sklearn.cluster. The
module has several parameters as follows:

• n_clusters is the number of clusters. By default, the value is 8.
• init is the method of centroid initialization. We can either specify 'k-means++', 'random'

or an array. If 'k-means++' is specified, the centroid will be initialized using k-means++
algorithm. If 'random' is specified, the centroid will be initialized randomly. An array is
passed if we want to initialize the location of the centroids manually. The default value is
'k-means++'.

• max_iter is the maximum number of iterations of the k-means algorithm.

Now let us import KMeans from Scikit-Learn to model the data. We create an object of KMeans.
We set the number of clusters equal to 4.

from sklearn.cluster import KMeans
kmeans = KMeans(n_clusters=4)

We call fit to train the clustering model. Notice that we pass only the data only.

kmeans.fit(X)

We can display the centroid values the algorithm has generated for the final clusters using
cluster_centers_

centroids = kmeans.cluster_centers_
print(centroids)
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[[ -5.08321972 5.50372717]
[-10.26313999 2.77233473]
[ -8.01549434 -1.22373694]
[ -1.06491259 3.39548429]]

We can display the summation of squared distance of the data points to their closest cluster using
inertia_.

print(kmeans.inertia_)

2403.3542836498605

Let us display the clusters using the scatter plot. Function subplots is used to create a figure and
a set of subplots. In this example, we create only one subplot. The function returns the figure and
the axes. Axes is the region of the image with the data space. We use the axes object to display
and annotate the scatter plot. The color of the centroids is set to red by passing 'r' to parameter c.
The scatter plot is given in Figure 8.14.

fig, ax = plt.subplots(figsize=(8,6))
ax.scatter(X[:,0], X[:,1], s=3)
ax.scatter(centroids[:,0], centroids[:,1], s=10, c='r')
ax.annotate('Cluster 1', xy=(centroids[0,0],centroids[0,1]))
ax.annotate('Cluster 2', xy=(centroids[1,0],centroids[1,1]))
ax.annotate('Cluster 3', xy=(centroids[2,0],centroids[2,1]))
ax.annotate('Cluster 4', xy=(centroids[3,0],centroids[3,1]))

Figure 8.14 The centroids are indicated by the red marker

Now, let us classify the data points using the k-means model.

y_pred = kmeans.predict(X)

We display the clusters using scatter plot. But now, we colorize the data points based on the
prediction of the cluster model. Note the parameter c is set to y_pred. The scatter plot is given in
Figure 8.15.
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fig, ax = plt.subplots(figsize=(8,6))
ax.scatter(X[:,0], X[:,1], s=3, c=y_pred)
ax.scatter(centroids[:,0], centroids[:,1], s=10, c='r')
ax.annotate('Cluster 1', xy=(centroids[0,0],centroids[0,1]))
ax.annotate('Cluster 2', xy=(centroids[1,0],centroids[1,1]))
ax.annotate('Cluster 3', xy=(centroids[2,0],centroids[2,1]))
ax.annotate('Cluster 4', xy=(centroids[3,0],centroids[3,1]))

Figure 8.15 The clustering result of k-means

To manually define the initial values of the centroids, create an array containing the centroid values.

init_centroids = np.array([[0.01,0.02],[0.01,0.01],[0.02,0.01],[0.02,0.02]])

Then, pass the array to parameter init when the object is created.

kmeans = KMeans(n_clusters=4, init=init_centroids)

Let us display a plot of summation of squared distance against the number of clusters. We implement
a loop to iterate over a set of number of clusters from 1 to 10. For each iteration, we create a model
with the corresponding number of cluster, fit the model and get the inertia_ value.

inertia = []
m = 10
for k in range(1,m):

km = KMeans(n_clusters=k)
km.fit(X)
inertia.append(km.inertia_)

Plot the sum of squared distance against the number of clusters. As we can see, after k=4, the
decrease in sum of squared distance is not significant. The plot is given in Figure 8.16.
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plt.figure(figsize=(8,6))
num_clusters = [k for k in range(1,10)]
plt.plot(num_clusters, inertia, marker='.', markersize=10)
plt.xlabel("Number of clusters, k")
plt.ylabel("Inertia (Sum of squared distance)")

Figure 8.16 The sum of squared distance against number of clusters

8.4.2 Agglomerative Clustering

Now, let us implement Agglomerative Clustering. First, we create the dendrogram of the dataset.
Note that this step is optional and can be skipped to the implementation of Agglomerative Clustering
using Scikit-Learn. To create a dendrogram, we will be using the SciPY library. SciPY is a Python
library used for scientific and technical computing. Two functions called linkage and dendrogram
are needed to create a dendrogram.

linkage is used to define the type of linkage to create the dendrogram. The parameters to be set
are as follows:

• method is the linkage method. The value is either 'single', 'complete', 'average' or 'ward'.
The default value is 'single'.

• metric is the metric to calculate the distance. The value is either 'euclidean', 'cityblock',
'cosine', 'hamming'. The default value is 'euclidean'.

dendrogram method is used to create the dendrogram. Some of the parameters to be set are as
follows:

• Z is the linkage method
• color_threshold is for brevity. Let t be the threshold, colors all links below t.
• orientation is the direction to plot the dendrogram, which can be either 'top', 'bottom',

'left' or 'right'. By default, the value is 'top'.

First, we need to define the linkage. Here, we use complete linkage.

from scipy.cluster.hierarchy import linkage
linked = linkage(X, method='ward')
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We create the dendrogram by passing the linkage. The dendrogram is given in Figure 8.17.

from scipy.cluster.hierarchy import dendrogram
plt.figure(figsize=(8,6))
dendrogram(linked, orientation='top')
plt.show()

Figure 8.17 The created dendrogram using complete linkage

We have created a dendrogram using complete linkage. As we can see, dendrogram partitions the
data into two clusters, indicated by orange and green. We can specify the cut threshold so that
data will be partitioned into the desired clusters. To specify the cut threshold, we pass a value to
parameter color_threshold. All links connecting nodes with distances greater than or equal to
the threshold will be colored blue. Let us specify 35 as the cut threshold. Figure 8.18 shows the
dendrogram with the specified threshold.

plt.figure(figsize=(8,6))
dendrogram(linked, color_threshold=35)
plt.show()

Figure 8.18 The dendrogram with cut threshold equal to 35
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As we can see the links with distances greater than 35 are colored blue. Four clusters are created
indicated by the orange, green, red and purple. Try using different linkages to see how the data will
be clustered.

Let us cluster the data using Agglomerative Clustering. We have to import the module from
Scikit-Learn. Agglomerative clustering model can be built by importing AgglomerativeClustering
module from sklearn.cluster. The module has several parameters as follows:

• n_clusters is the number of clusters. The value is either an integer or None. The value must
be None, if the distance_threshold is not None. By default, the value is 2.

• affinity is the metric used to compute the linkage. The value is either 'euclidean', 'l1',
'l2', 'manhattan' or 'cosine'.

• linkage is the maximum number of iterations of the k-means algorithm. The value is either
'ward', 'complete', 'average' or 'single'. The default value is 'ward'.

• distance_threshold is the linkage distance threshold above which, clusters will not be
merged. This parameter accepts a float or None. The default value is None.

Now, let us import AgglomerativeClustering from sklearn.cluster to model the data.

from sklearn.cluster import AgglomerativeClustering
agg = AgglomerativeClustering(n_clusters=4)
y_pred = agg.fit_predict(X)

We plot the clustering result using scatter plot. The scatter plot is given in Figure 8.19.

fig, ax = plt.subplots(figsize=(8,6))
ax.scatter(X[:,0], X[:,1], s=3, c=y_pred)
ax.scatter(centroids[:,0], centroids[:,1], s=10, c='r')
ax.annotate('Cluster 1', xy=(centroids[0,0],centroids[0,1]))
ax.annotate('Cluster 2', xy=(centroids[1,0],centroids[1,1]))
ax.annotate('Cluster 3', xy=(centroids[2,0],centroids[2,1]))
ax.annotate('Cluster 4', xy=(centroids[3,0],centroids[3,1]))

Figure 8.19 The clustering result of agglomerative clustering

We can perform clustering by specifying the distance_threshold instead of specifying the number
of clusters. But n_clusters must be None.
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agg = AgglomerativeClustering(n_clusters=None, distance_threshold=35)
y_pred = agg.fit_predict(X)

We plot the clustering result using scatter plot. The scatter plot is given in Figure 8.20.

fig, ax = plt.subplots(figsize=(8,6))
ax.scatter(X[:,0], X[:,1], s=3, c=y_pred)
ax.scatter(centroids[:,0], centroids[:,1], s=10, c='r')
ax.annotate('Cluster 1', xy=(centroids[0,0],centroids[0,1]))
ax.annotate('Cluster 2', xy=(centroids[1,0],centroids[1,1]))
ax.annotate('Cluster 3', xy=(centroids[2,0],centroids[2,1]))
ax.annotate('Cluster 4', xy=(centroids[3,0],centroids[3,1]))

Figure 8.20 The result of clustering by specifying the linkage distance threshold

Exercises
1. Explain the steps of k-means clustering algorithm.

2. Explain the the main difference between k-means and k-nearest neighbors.

3. Explain how to determine k using the elbow method.

4. Explain dendrogram in hierarchical agglomerative clustering algorithm.

5. Explain the different parts of a dendrogram in the hierarchical agglomerative clustering
algorithm.

6. Explain the different linkage methods used in the hierarchical agglomerative clustering
algorithm.



Chapter 9

Dimensionality Reduction

9.1 Introduction
In some problems, the datasets that we are analyzing and modeling are of high dimensions. The
high dimension refers to a large number of features that exist in the dataset which could be in the
order of hundreds, thousounds or even tens of thousands. We might think that having an abundance
of features is a good strategy because more feature means information for solving the problem.
Unfortunately, that is not the case due to several reasons.

First, visualizing and analyzing a high-dimensional dataset to identify patterns and gain insights
is difficult. For example, it is easier to visualize and analyze two-dimensional data than three-
dimensional data. Beyond three dimensions, the analysis is more difficult and it is not possible
to visualize the data. Second, some datasets may contain redundant features and features that
are not relevant to solving the problem. These features should be removed because they do not
add additional information to the prediction. Moreover, the features will incur unnecessary storage
consumption and computation to the model training.

Finally, the complexity of the problem and the machine learning models depends on the number of
input dimensions as well as the number of instances. Although additional features may provide more
information to the prediction, the volume of the feature space grows exponentially, thus the data
becomes sparse. Figure 9.1 illustrates the issues of data sparsity. As we move from one dimension to
three dimensions, there is more unoccupied space than the data points. As the number of dimensions
grows, the data points appear to be equidistant and it becomes more difficult to cluster. Thus,
given a high-dimensional dataset, the dataset should be analyzed to reduce it to a representation
with lower dimensions.

Figure 9.1 Data density reduces exponentially as we move from one dimension to three dimensions. Data
density refers to the amount of data points that can be stored per unit area



Machine Learning and Deep Learning with Python 133

9.2 Principal Component Analysis
Principal component analysis (PCA) is one of the most commonly used dimensionality reduction
method. In PCA, the data in the original d-dimensional space is projected (or transformed) to
k-dimensional space, where k < d. This is achieved by finding a hyperplane onto which to project
the data. For simplicity, consider the data points in 2-d feature space as shown in Figure 9.2. The
aim is to reduce the number of dimensions by projecting the data into 1-d feature space. The figure
shows two possible projections directions, one is onto a line in green color and the other one is
onto a line in red color. The projected data points are indicated by blue circles. It can be seen
that projecting data onto the green line results in overlapping data points while the red line results
in data points that are scattered far away from each other. In other words, PCA seeks to find a
direction in which to project the data that maximizes the variance of the data (Pearson 1901).

Figure 9.2 Projection direction on the left produces overlapping data points while projection direction on the
right maximizes the variance of the data

Let us consider the best solution for projecting 2-d data to 1-d data. The vector that represents the
best solution (line) that the data is to be projected onto is w1. The vector is known as the first
principal component. Thus, the projection of data x is defined by

z = w⊤
1 x (9.1)

We want the projected data to have a maximum variance. Thus, we seek to find w1 such that
var(w⊤

1 x) is maximized subject to a constraint ∥w1∥ = 1, to ensure we obtain a unique solution.
We rewrite the equation as follows:

var(w⊤
1 x) = w⊤

1
∑

w1 (9.2)

where ∑ is the covariance of x. We restate the optimization problem by applying Lagrange
multipliers.

max w⊤
1

∑
w1 − λ(w⊤

1 w1 − 1) (9.3)

Taking the derivative with respect to w1 and setting it equal to zero.

2w1
∑
−2λw1 = 0 (9.4)

Thus, ∑
w1 = λw1. We can see that w1 is the eigenvector of ∑ and λ is the corresponding

eigenvalue. Because we want to maximize w1
∑

w1, we choose the eigenvector with the largest
eigenvalue for the maximum variance.

We can find the second vector w2 which is known as the second principal component. If the second
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component is solved, the 2-d dataset is not reduced, but transformed into a new 2-d representation.
Note that the number of components that can be solved is equal to the number of dimensions of the
data.

The second principal component should also maximize the variance, subject to ∥w2∥ = 1 and
w⊤

2 w1 = 0. We restate the problem by applying Lagrange multiplier.max w⊤
2

∑
w2 − λ(w⊤

2 w2 −
1)− β(w⊤

2 w1 − 0)

Taking the derivative with respect to w2 and setting it equal to zero.

2w2
∑
−2λw2 − βw1 = 0 (9.5)

If we multiply the expression with w1

2w⊤
2

∑
w1 − 2λw⊤

2 w1 − βw⊤
1 w1 = 0 (9.6)

We know that w⊤
1 w2 = 0 and w⊤

1 w1 = 1. Then, the expression becomes β · 1 = 0. Thus, we know
β = 0.

We can reduce 2w2
∑
−2λw2 − βw1 = 0 to∑

w2 = λw2 (9.7)

where w2 is the eigenvector and λ is the corresponding eigenvalue. Note that PCA is an unsupervised
method in which it does not use the labels of the data. Thus, the resulting low dimesional
representation may not be optimal for classification.

Solving for Eigenvectors and Eigenvalues

Suppose that∑
w = λw (9.8)

where covariance matrix ∑ of data points x is defined by

∑
= B⊤B

N − 1 (9.9)

where B = x− JJ⊤x. J is a N × 1 vector of ones.

Rewrite the above expression as follows:

w(
∑
−λI) = 0 (9.10)

where I is an identity matrix

Solve det(∑−λI) = 0 to obtain λ.

Substitute λ into w(∑−λI) = 0 to obtain w.

How do we choose the number of components k? Total variance of the data is defined as follows:

σ2
T =

d∑
j

σ2
j (9.11)

where σ2
j = 1

N−1
∑N

i=1(zi
j − z̄j)2 is the variance of component j. Explained variance is the ratio of
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variance of a principal component to the total variance, σ2
j

σ2
T

. We choose k where the cumulative
explained variance is between 0.95 and 0.99.

Numerical Example: Consider the following dataset:

x =



4 2
5 5
2 3
8 7
11 5
10 8


The mean of x is

µ =
[
6.67 5

]
Mean normalize x− µ

x̃ =



−2.67 −3
−1.67 0
−4.67 −2
1.33 2
4.33 0
3.33 3


Calculate ∑ = B⊤B

N−1 where B = x̃− JJ⊤x̃.

Note that

B =



−2.67 −3
−1.67 0
−4.67 −2
1.33 2
4.33 0
3.33 3


−



1
1
1
1
1
1





1
1
1
1
1
1



⊤ 

−2.67 −3
−1.67 0
−4.67 −2
1.33 2
4.33 0
3.33 3


=



−2.67 −3
−1.67 0
−4.67 −2
1.33 2
4.33 0
3.33 3


∑ = B⊤B

6−1 =
[
12.67 6

6 5.2

]
Find λ by solving w(∑−λI) = 0 where

I =
[
1 0
0 1

]

w(
[
12.67 6

6 5.2

]
− λ

[
1 0
0 1

]
) = 0

det(
[
12.67− λ 6

6 5.2− λ

]
) = 0

(12.67− λ)(5.2− λ)− 62 = 0

λ2 − 17.87λ + 29.88 = 0

λ1 = 16.0 and λ2 = 1.867
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λ1 is the largest, hence the first principal component.

Substitute λ1 = 16.0[
12.67 6

6 5.2

] [
w1
w2

]
= 16

[
w1
w2

]
12.67w1 + 6w2 = 16w1

6w1 + 5.2w2 = 16w2

w1 = 6
3.33w2

Let w2 = 1.0, thus w1 = 6
3.33 = 1.8

w =
[
1.8
1

]
The projected data z = w⊤x̃

9.3 Linear Discriminant Analysis
Principal component analysis projects the data in the directions of maximum variance. However, in
some cases, maximizing the variance of the data may not achieve highly discriminative features.
Fisher’s linear discriminant analysis (LDA) is also a projection-based method that seeks to find a
vector that defines the projection direction of the data (Fisher 1936). Unlike principal component
analysis which maximizes the variance of the data (Martinez and Kak 2001), linear discriminant
analysis uses the labels of the data and projects the data in the direction that maximizes the
separation of the classes as shown in Figure 9.3.

Figure 9.3 Projection direction maximizes the maximum class separation

How do we find the projection that maximizes the class separation of the data? LDA states that
maximum separation is achieved when the distance between the two clusters is maximum (or far
away from each other). We consider the classification of two classes first, then generalize to more
than two classes.



Machine Learning and Deep Learning with Python 137

9.3.1 Binary Class LDA

Let µ̃1 and µ̃2 denote the means of data after projection which belong to class Red and Blue
respectively.

µ̃1 = w⊤µ1 (9.12)

µ̃2 = w⊤µ2 (9.13)

Furthermore, let s̃2
1 and s̃2

2 denote the scatters (variances) of data after projection which belong to
class red and blue respectively.

s̃2
1 =

∑
x∈c1

(w⊤x−w⊤µ1)2 (9.14)

s̃2
2 =

∑
x∈c2

(w⊤x−w⊤µ2)2 (9.15)

To ensure maximum class separation, we want the means to be far away from each other and the
projected data in the clusters to be close to each other. In other words, we want the mean difference
|µ̃1 − µ̃2| to be large and the summation of the scatter s̃2

1 + s̃2
2 to be small. Therefore, the objective

is to maximize

J(w) = |µ̃1 − µ̃2|2

s̃2
1 + s̃2

2
(9.16)

The numerator can be expressed as follows:

|µ̃1 − µ̃2|2 = |w⊤µ1 −w⊤µ2|2

= w⊤(µ1 − µ2)(µ1 − µ2)⊤w
= w⊤sBw

(9.17)

where sB = (µ1 − µ2)(µ1 − µ2)⊤ is between-class scatter matrix.

The denominator can be expressed as follows:

s̃2
k =

∑
x∈ck

(w⊤x−w⊤µk)2

=
∑
x∈ck

(w⊤x−w⊤µk)(w⊤x−w⊤µk)

=
∑
x∈ck

w⊤(x− µk)(x− µk)⊤w

= w⊤ ∑
x∈ck

(x− µk)(x− µk)⊤w

= w⊤sW w

(9.18)

where sW = ∑
x∈ck

(x− µk)(x− µk)⊤ is within-class scatter matrix.

Therefore, the objective function is

J(w) = w⊤sBw
w⊤sW w (9.19)



Machine Learning and Deep Learning with Python 138

Taking the derivative and setting it equal to zero.

(w⊤sW w)2sBw− (w⊤sBw)2sW w
2wsW w = 0

sBw− w⊤sBw
w⊤sW wsW w = 0

s−1
W sBw = J(w)w

(9.20)

Given that J(w) is a scalar, the expression becomes

s−1
W sBw = λw (9.21)

where w is the eigenvector of s−1
W sB and λ is the corresponding eigenvalue.

9.3.2 Multi-class LDA

When there are more than two classes, the between-class scatter matrix is defined as follows:

sB =
C∑

k=1
Nk(µk − µ)(µk − µ) (9.22)

where µk = 1
Nk

∑
x∈ck

x and µ = 1
N

∑
∀x x is the global (overall) mean.

The within-class scatter matrix is defined as follows:

sW =
C∑

k=1
s2

k (9.23)

where s2
k = ∑

x∈ck
(x− µk)(x− µk). The number of components is defined as follows:

k = min(C − 1, d) (9.24)

where C is the number of classes.

Solving for Eigenvectors and Eigenvalues

Compute sB and sW .

Compute s−1
W .

w(s−1
W sB − λI) = 0 where I is an identity matrix.

Solve det(s−1
W sB − λI) = 0 to obtain λ.

Substitute λ into w(s−1
W sB − λI) = 0 to obtain w.

Numerical Example: Consider the following dataset:

x =



5 2
6 5
7 3
3 9
5 11
6 9


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µ1 =
[
6 3

]
µ2 =

[
4.667 9.667

]
s2

1 =
[

1 0.5
0.5 2.333

]

s2
2 =

[
2.333 0.333
0.333 1.333

]

sB = (µ1 −mu2)⊤(mu1 −mu2) =
[

1.778 −8.444
−8.444 40.111

]

sW = s2
1 + s2

2 =
[

3.333 0.8333
0.8333 3.666

]

s−1
W =

[
0.318 0.072
0.072 0.289

]

s−1
W sB =

[
1.176 −5.586
−2.570 12.209

]
Find λ by solving w(s−1

W sB − λI) = 0 where I is an identity matrix.

w(
[

1.176 −5.586
−2.570 12.209

]
− λ

[
1 0
0 1

]
)

det(
[
1.176− λ −5.586
−2.570 12.209− λ

]
) = 0

(1.176− λ)(12.209− λ)− 14.356 = 0

λ2 − 13.385λ + 0.002 = 0

λ1 = 13.384 and λ2 = 0.0015

Substitute λ1 = 13.384[
1.176 −5.586
−2.570 12.209

] [
w1
w2

]
= 13.384

[
w1
w2

]
1.176w1 − 5.586w2 = 13.384w1

−2.57w1 + 12.209w2 = 13.384w2

w1 = − 5.586
12.208w2

Let w2 = 1, thus w1 = − 5.586
12.208 = −0.456

w =
[
−0.456

1

]

9.4 Feature Subset Selection
Subset selection is an approach of selecting the set of features that is most relevant to predicting
the target variable. Specifically, given a dataset with d dimensions (features), the aim is to find k
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features that provide the most information to the prediction and discard the other (d− k) features.
There are 2d possible subsets of d features and ideally, we want to evaluate all subsets to determine
the optimal one. However, it is computationally infeasible especially when d is large. Thus, heuristic
methods are employed to obtain a satisfactory solution in an acceptable time. The approach is
categorized into two based on the choice of evaluation metrics: filter method and wrapper method.

9.4.1 Wrapper Method

Wrapper methods utilize a machine learning model to evaluate the feature subsets (Kohavi and
George H. John 1997). Each subset is used to train the model which is then evaluated on a hold-out
set. The misclassification rate of the hold-out set represents the score of the subset. Wrapper
method is computationally intensive because a new model is trained for each subset. However,
the selected subset contains the most relevant features for that particular machine learning model
and problem. Wrapper method can be classified into two types: sequential forward selection and
sequential backward selection.

In sequential forward selection, we start with an empty set of features (no features), and add one
feature into the subset one by one. The feature to be added is the feature with the minimum error.
The process of adding a feature into the subset stops when the error rate is not decreasing or the
decrease is very minimal. The algorithm of sequential forward selection is given in Algorithm 6.

Algorithm 6 Sequential Forward Selection Algorithm
1: Training set with d dimensions, x = x1, x2, ..., xd

2: F = ∅
3: k is the number of selected features
4: Split training set into training Dtr and validation subsets Dvd

5: for 1 to k do
6: for xj in x ∈ Dtr do
7: Train a predictive model f̂ using F ∪ xj

8: Compute the error rate ϵf̂ on Dvd

9: end for
10: Choose xj with minimum ϵf̂ (F ∪ xj)
11: add xj into F
12: end for

In sequential backward selection, we start with all features, and remove one feature from the subset
one by one. The feature to be removed is the feature that results in minimum error rate upon
removal. The process of removing a feature from the subset stops when the error rate is not
decreasing or the decrease is very minimal. The algorithm of sequential backward selection is given
in Algorithm 7.

9.4.2 Filter Method

Filter methods utilize various statistical tests to determine the relevance of the features instead
of the error rate of a machine learning model (I. Guyon and Elisseeff 2003). Some of the common
statistical measures are analysis of variance (ANOVA), mutual information and chi-square. Filter
methods rank the features according to their relevance. The top k features are chosen via cross-
validation. Because filter methods do not rely on a machine learning model, filter methods are less
computationally intensive. However, the selected set of features is generally less optimal and gives
lower prediction performance. Thus, filter methods are preferable for uncovering the relationship
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Algorithm 7 Sequential Backward Selection Algorithm
1: Training set with d dimensions, x = x1, x2, ..., xd

2: F = x
3: k is the number of selected features
4: Split training set into training Dtr and validation subsets Dvd

5: for 1 to (d− k) do
6: for xj in x ∈ Dtr do
7: Train a predictive model f̂ using F − xj

8: Compute the error rate ϵf̂ on Dvd

9: end for
10: Choose xj with minimum ϵf̂ (F − xj)
11: xj from F
12: end for

between the features and the target variable, and can be used as preprocessing step for wrapper
methods.

9.5 Implementing Feature Reduction
In this section, we will be implementing PCA and LDA using Scikit-learn. First, we use the simple
iris dataset as shown in Figure 9.4. Then, we will use a more challenging dataset.

from sklearn.model_selection import train_test_split
from sklearn.datasets import load_iris
dataset = load_iris()
X = dataset.data
y = dataset.target

Figure 9.4 The scatter plot of iris dataset

Now, let us reduce the number of dimension using PCA. We are going to import PCA module from
Scikit-Learn and then create an object of PCA to transform the data. We will be using attribute
petal length and petal width only, which means we are reducing from 2-d to 1-d. We import PCA
from sklearn.decomposition. We set parameter n_components to 1. We can specify None to keep
all components.
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from sklearn.decomposition import PCA
pca = PCA(n_components=1)
X_pca = pca.fit_transform(X[:,2:4])

We create a dummy data (y axis) for plotting the transformed 1-d data. As we can see, the reduced
data is easier to analyze as shown in Figure 9.5

import numpy as np
y_dummy = np.zeros(len(X_pca))
plt.scatter(X_pca, y_dummy, c=y)
plt.xlabel('PCA')

Figure 9.5 The reduced 1-d dataset

Now, let us use all the attributes in the PCA transformation. The transformed dataset is shown in
Figure 9.6.

pca = PCA(n_components=2)
X_pca = pca.fit_transform(X)
plt.scatter(X_pca[:,0], X_pca[:,1], c=y)
plt.xlabel('PCA1')
plt.ylabel('PCA2')

Figure 9.6 The dataset after transformation using PCA

As you can see, the data transformation is not better than the one in Figure 9.5. Thus, using all
the attributes in feature reduction will not necessarily lead to a better transformation. The second
PCA component is perpendicular to the first axis. Note that the second axis is in the direction that
has less amount of variation.
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Now, let us use a bigger dataset, the Quantitative Structure Activity Relationship (QSAR)
biodegradation dataset. The dataset has been used to develop QSAR models for the study of the
relationships between chemical structure and biodegradation of molecules. The dataset contains
biodegradation experimental values of 1055 chemicals whereby 356 are discriminate ready and 699
are not ready biodegradable molecules. Thus, the prediction task is to classify the data into ready
biodegradable and not ready biodegradable.

import pandas as pd
import wget
from zipfile import ZipFile

data_url = 'https://archive.ics.uci.edu/ml/machine-learning-databases/
00254/biodeg.csv'
wget.download(data_url)

Load the dataset file.

data_df = pd.read_csv('biodeg.csv', sep=';', header=None)
dataset = data_df.values
y = dataset[:,-1]
X = dataset[:,:-1]
print(X.shape)

We split the dataset into training and test sets.

X_train, X_test, y_train, y_test = train_test_split(X, y, test_size=0.3, random_state=0)

We create a function to print out the accuracy score, confusion matrix and the classification report.

from sklearn.metrics import accuracy_score, confusion_matrix, classification_report

def print_clf_evaluation(y_test, y_pred):
print(accuracy_score(y_test, y_pred))
print(confusion_matrix(y_test, y_pred))
print(classification_report(y_test, y_pred))

The dataset contains 41 features. We use PCA to reduce to 2 dimensions, model the transformed
data using SVM algorithm and evaluate the classifier.

from sklearn.pipeline import make_pipeline
from sklearn.svm import SVC
svm_pipeline = make_pipeline(PCA(n_components=2), SVC(C=1, kernel='linear'))
svm_pipeline.fit(X_train, y_train)

We evaluate the classifier on the test set.

y_pred = svm_pipeline.predict(X_test)
print_clf_evaluation(y_test, y_pred)
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0.7066246056782335
[[224 0]
[ 93 0]]

precision recall f1-score support

NRB 0.71 1.00 0.83 224
RB 0.00 0.00 0.00 93

accuracy 0.71 317
macro avg 0.35 0.50 0.41 317

weighted avg 0.50 0.71 0.59 317

As we can see the classifier performed badly whereby class RB has zero precision, recall and F-score.
This shows that reducing the number of dimensions to 2 results in the classifier does not have
sufficient information to correctly classify the data.

Let us determine the optimal number of components. We use the explained variance which provides
us the amount of information or variance each principal component holds after projecting the data
to a lower dimensional subspace. This can be determined by examining the cumulative explained
variance ratio as a function of the number of components.

pca = PCA()
X_train_pca = pca.fit_transform(X_train)

The explained variance ratio can be obtained using explained_variance_ratio_. The value is for
each PCA component and sum to 1.

print(pca.explained_variance_ratio_)

[4.62673531e-01 2.70480635e-01 1.07755746e-01 4.36559974e-02
3.02220543e-02 2.47064864e-02 1.45692737e-02 1.02310273e-02
7.95011626e-03 6.45758082e-03 3.99561145e-03 3.21950035e-03
2.55745329e-03 1.96021711e-03 1.81857554e-03 1.47945721e-03
1.33585287e-03 1.12085852e-03 7.74831761e-04 4.82960444e-04
4.40409529e-04 4.06638441e-04 3.00948628e-04 2.84178322e-04
2.29227663e-04 2.00620276e-04 1.50112112e-04 1.12861429e-04
8.34773811e-05 8.05686901e-05 7.65556758e-05 6.41364716e-05
4.98202136e-05 2.83239031e-05 1.60472404e-05 1.18525775e-05
8.79044658e-06 4.80627240e-06 2.27209676e-06 4.78156095e-07
1.07217038e-07]

Plot the explained variance ratio against PCA components. The plot is given in Figure 9.7.

x_axes = np.arange(1,42,1)
y_axes = np.cumsum(pca.explained_variance_ratio_)
plt.figure(figsize=(8,6))
plt.plot(x_axes, y_axes, marker='.')
plt.xticks(np.arange(1,X_train_pca.shape[1],2))
plt.show()

This curve quantifies how much of the total 30-dimensional variance is contained within the first d
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Figure 9.7 The graph of explained variance ratio against PCA components

components. For example, we see that the first 15 components contain approximately 99.0% of the
variance. Let us calculate the sum of the first 15 explained variance ratio. We can see that the sum
equals 0.992 (99.2%).

print(np.sum(pca.explained_variance_ratio_[:15]))

0.9922538064547924

We set n_components to 15, rebuild the classifier and evaluate the classifier.

svm_pipeline = make_pipeline(PCA(n_components=15), SVC(C=1, kernel='linear'))
svm_pipeline.fit(X_train, y_train)

y_pred = svm_pipeline.predict(X_test)
print_clf_evaluation(y_test, y_pred)

0.8359621451104101
[[194 30]
[ 22 71]]

precision recall f1-score support

NRB 0.90 0.87 0.88 224
RB 0.70 0.76 0.73 93

accuracy 0.84 317
macro avg 0.80 0.81 0.81 317

weighted avg 0.84 0.84 0.84 317

The performance evaluation shows a significant increase in precision, recall and F-score for class RB.
The classification accuracy increases from 0.71 to 0.84.

Now, let us implement LDA to reduce the dataset. We import LinearDiscriminantAnalysis
module from Scikit-Learn. By default, parameter n_components is None which means the number
of components will be determined automatically based on the number of classes and features.
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from sklearn.discriminant_analysis import LinearDiscriminantAnalysis
svm_pipeline = make_pipeline(LinearDiscriminantAnalysis(),

SVC(C=1, kernel='linear'))
svm_pipeline.fit(X_train, y_train)

We evaluate the classifier on the test set.

y_pred = svm_pipeline.predict(X_test)
print_clf_evaluation(y_test, y_pred)

0.8422712933753943
[[196 28]
[ 22 71]]

precision recall f1-score support

NRB 0.90 0.88 0.89 224
RB 0.72 0.76 0.74 93

accuracy 0.84 317
macro avg 0.81 0.82 0.81 317

weighted avg 0.85 0.84 0.84 317

The classification report shows a similar performance to PCA. It can be observed that LDA achieved
a slight increase in F-score measure of 0.01 for class NRB. The accuracy of classifier is 0.84.

9.6 Implementing Feature Selection
In this section, we will be implementing the filter and wrapper-based feature selection methods
using Scikit-Learn. The filter method is implemented using a module called SelectKBest.
SelectKBest takes as input a scoring function that returns univariate scores. Several scoring
functions are provided as follows. We can choose either 'chi2' (chi-squared), 'f_classif' (ANOVA)
or 'mutual_info_classif' (mutual information) for classification problem. For regression, we
choose either 'f_regression' (ANOVA) or 'mutual_info_regression' (mutual information).

Let us import the module and perform feature selection on the QSAR biodegradation dataset.
SelectKBest has two parameters. The first parameter is score_func which is used to define scoring
function. The default value is 'f_classif'. The second parameter is k which is the number of top
features to select, and by default, the value is 10. We can specify 'all' to bypass selection.

from sklearn.preprocessing import StandardScaler
from sklearn.feature_selection import SelectKBest
from sklearn.feature_selection import chi2, f_classif, mutual_info_classif
from sklearn.pipeline import Pipeline
scaler = StandardScaler()
kBest = SelectKBest(k='all')
steps = [('scaler', scaler), ('kbest', kBest)]
pipeline = Pipeline(steps=steps)
pipeline.fit(X_train, y_train)

To display the scores for each feature, use scores_ attribute. In this case, the scores are the F
value of the features.
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feat_scores = pipeline['kbest'].scores_
print(feat_scores)

[1.30991715e+02 3.89631092e-02 7.10330087e+01 9.70062048e+00
4.22370118e+01 2.33678971e+01 1.00033571e+02 3.06790064e+01
2.61849128e+00 3.73984059e+01 4.51887934e+01 1.30413811e+01
8.56742854e+01 6.84483016e+01 9.11356266e+01 5.92147912e-01
4.83909175e+00 1.14360265e+01 2.79029003e+00 2.14710565e+01
8.09777954e+00 1.21620052e+02 7.75173614e+00 9.84029627e+00
5.33862419e+01 7.97725101e+00 1.28908859e+02 4.31420826e-02
4.85715857e+00 5.46205592e+00 2.76568765e+01 1.22794490e+01
8.73141888e+01 5.84585505e+01 4.12664615e-03 6.74488465e+01
1.30664824e+01 5.62535568e+01 1.09495022e+02 2.21362891e+01
3.76767712e+01]

We use the F value to select the number of features. In this example, we select features whose F
value greater than 50. We can also use their p value to determine the relevant features by using
pvalues_ attribute.

feat_scores_sort = np.sort(feat_scores)
feat_scores_sort > 50

array([False, False, False, False, False, False, False, False, False,
False, False, False, False, False, False, False, False, False,
False, False, False, False, False, False, False, False, False,
True, True, True, True, True, True, True, True, True,
True, True, True, True, True])

There are 14 features. We rerun SelectKBest with k equal to 14.

kBest = SelectKBest(k=14)
steps = [('scaler', scaler), ('kbest', kBest)]
pipeline = Pipeline(steps=steps)
pipeline.fit(X_train, y_train)

We get the selected features using get_support.

pipeline['kbest'].get_support(indices=True)

[ 0 2 6 12 13 14 21 24 26 32 33 35 37 38]

Let us create a pipeline that select the features and create the classifier.

svm_pipeline = make_pipeline(StandardScaler(), SelectKBest(k=14),
SVC(C=1, kernel='linear'))

svm_pipeline.fit(X_train, y_train)

We evaluate the classifier on the test set.
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y_pred = svm_pipeline.predict(X_test)
print_clf_evaluation(y_test, y_pred)

0.8675078864353313
[[204 20]
[ 22 71]]

precision recall f1-score support

NRB 0.90 0.91 0.91 224
RB 0.78 0.76 0.77 93

accuracy 0.87 317
macro avg 0.84 0.84 0.84 317

weighted avg 0.87 0.87 0.87 317

Let us implement the wrapper-based feature selection method. The wrapper-based feature selection
method is implemented using a module called SequentialFeatureSelector. The parameters of
this module are:

• estimator is the machine learning model to use for feature selection.
• n_features_to_select is the number of features to select. This parameter accepts an integer

value or a float value. If float, it is the fraction of the total number of features.
• direction is for specifying 'forward' (forward selection) or 'backward' (backward selection).

The default is 'forward'.
• cv is the number of folds for the cross-validation. This parameter accepts integer value or

None. If None, cv equal to 5. The default is None.
• n_jobs is number of jobs to run in parallel. The default is None, which means n_jobs equal

to 1.

First, we need to create a machine learning model. Then, the model is passed to
SequentialFeatureSelector. We select 14 features and 3 folds cross-validation. n_jobs is set to
2 to speed up the computation.

from sklearn.feature_selection import SequentialFeatureSelector
scaler = StandardScaler()
svm = SVC(C=1, kernel='linear')
sfs = SequentialFeatureSelector(svm, n_features_to_select=14,

direction='backward', n_jobs=2)
steps = [('scaler', scaler), ('sfs', sfs)]
pipeline = Pipeline(steps=steps)
pipeline.fit(X_train, y_train)

We call get_support to get the selected features.

print(pipeline['sfs'].get_support(indices=True))

[ 1, 2, 3, 5, 6, 7, 12, 13, 19, 29, 31, 34, 36, 37]

We create a pipeline to select the features and train the model.
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svm_pipeline = make_pipeline(scaler, sfs, svm)
svm_pipeline.fit(X_train, y_train)

We evaluate the classifier on the test set.

y_pred = svm_pipeline.predict(X_test)
print_clf_evaluation(y_test, y_pred)

0.8391167192429022
[[198 26]
[ 25 68]]

precision recall f1-score support

NRB 0.89 0.88 0.89 224
RB 0.72 0.73 0.73 93

accuracy 0.84 317
macro avg 0.81 0.81 0.81 317

weighted avg 0.84 0.84 0.84 317

Exercises
1. Explain how the first principal component axis is selected in PCA.

2. Explain how the maximum separation is determined in LDA.

3. Explain the difference between PCA and LDA.

4. Explain how LDA is used in multi-class classification settings.

5. Explain the difference between forward feature selection and backward feature selection.

6. Given a two-dimensional dataset, we want to represent the data in only one dimension. There
are two methods available: PCA and LDA. State which method to be used to reduce the
dataset. Justify your answers.

x =



3.5 3
5.5 4
4 4
5 5
6. 4.5
5 3.5





Chapter 10

Ensemble Learning

10.1 Introduction
Given a problem, the usual approach to solving the problem is to build several predictive models
using different machine learning algorithms. When building the predictive models, we carefully
choose the parameters of the models using the validation set and then evaluate and compare their
performance on the test set to determine the best model. This is due to the fact that there is no
single algorithm that will always give us the best model for every problem. Building an optimal
predictive model with finite data is a challenging task. Machine learning algorithms come with
different sets of assumptions that induce certain models. If the assumption about the data is wrong,
it leads to underfitting and high bias error.

One can fine-tune the parameters to get a model with the highest validation accuracy. However,
finding the optimal parameters is an arduous task. In many cases, even after considerable fine-tuning,
the model is still not good enough and fails on certain instances. Furthermore, in some applications
such as medical and healthcare, datasets are not easy to obtain and the number of instances
is typically limited. This further exacerbates the problem and the task of developing a reliable
predictive model becomes somewhat infeasible. Evidently, a single model is not sufficient and there
is a need for algorithms that can combine multiple models to produce better predictive models.
Ensemble learning is an approach to combining the decisions of multiple models when predicting
new instances (Opitz and Maclin 1999). The idea is that, if a model incorrectly predicts an instance,
there may be another model that is able to get it right. Essentially, we want to leverage the strength
of multiple models with different characteristics such that the models induce different outcomes so
that they can complement each other.

10.2 Ensemble Diversity
An ensemble model supposes to perform better than any single model, that is, it should have a
lower classification or regression error. We might think that a good ensemble model can be simply
obtained by combining several accurate individual models. However, model accuracy is not the
only consideration when building an ensemble model. More importantly, when we are building
an ensemble model, the individual models or known as base models are diverse in the sense that
they are making different predictions (Sollich and Krogh 1995). Otherwise, there would be no
performance improvement even if the ensemble model is a combination of a large number of accurate
models. Building ensemble models is not an easy task. One simple approach to ensemble learning
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is to train multiple base models and assign a weightage to each model to indicate its importance.
But this approach normally does not work because the models are trained for the same objective.
The task becomes even more challenging when the same training set is used to train the models
which could make them highly correlated. Furthermore, at the same time, we need to ensure the
performance of the models must not very poor. Otherwise, the ensemble model’s performance would
not improve or worsen.

Ensemble diversity refers to the difference among the individual models that make up the ensemble
model. Several approaches have been used to achieve the goal of generating diverse models. The
first approach is to use different learning algorithms to train the base models. Different learning
algorithms have different inductive biases. If a base model fails to predict certain instances, other
models might get them right due to their different assumptions about the data, which improves the
ensemble performance. For example, one base model may be parametric (e.g. logistic regression)
and others are non-parametric models (e.g. decision tree and non-linear support vector machine).

We can also build diverse base models using the same learning algorithm but with different parameters.
For example, we can build different base models by varying the kernel functions in support vector
machine, the number of nearest neighbors in k-nearest neighbors the tree depth and the minimum
number of instances in a leaf node in decision tree (Liu, Ting, and Fan 2005). If the models are
trained using optimization techniques such as gradient descent in linear regression and neural
network (this algorithm is discussed in a later chapter), the initial weights, learning rate and batch
size are hyperparameters that can be varied to build diverse models (Kolen and Pollack 1990).
Another approach to building diverse base models is sampling manipulation whereby the base
models are trained using different training subsets. The subsets can be created using bootstrapping
(Efron and Tibshirani 1994), a sampling method with replacement whereby instances are randomly
drawn from the training set. Base models that are trained with different subsets are usually diverse.
This ensemble learning is known as bagging which will be discussed later. The base models can
also be trained sequentially whereby for each iteration (training), instances that are incorrectly
predicted are given more emphasis in training subsequent base models. This ensemble learning is
known as boosting.

10.3 Combination Methods
Given a set of base models, there are numerous methods to combine the predictions of the models
into a single prediction. The commonly used methods are voting, linear combination and stacking.

Voting is used to combine base models that output class labels, thus it is applicable for classification
ensembles. Voting combines the classification of base models by majority voting. Each base model
outputs a particular class label and the class label with the most votes is chosen as the ensemble
output. The voting ensemble is defined as follows:

ŷ = mode(h1(x), h1(x), ..., hM (x)) (10.1)

where hm(x) ∈ H is the set of base models. Linear combination is used to combine real-valued
outputs such as class probabilities, thus it is applicable to both classification and regression ensembles.
In linear combination method, each base model is assigned a weightage which implies the importance
of the model. The combined probability of class c of the models is defined as follows:

p̂(y = c|x) =
M∑

m=1
wmpm(y = c|x) (10.2)
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where wm is the weightage of m-th base model and wm ≥ 0 and ∑M
m=1 wm = 1. If the weights

are equal wm = 1
M , this is a simple averaging. However, in practice, the base models would have

different performances, hence the base models would have different weights, and finding the optimal
weights manually is difficult if not infeasible (Zhou 2012). One possible way to solve for w is to
assess the accuracies of the base models on the validation set.

Stacking or staked generalization is a method that involves the use of machine learning algorithm
to train a predictive model to combine the predictions of the base models (D. H. Wolpert 1992).
The predictive model is referred to as the meta model. Specifically, the predictions of the base
models serve as inputs to the meta model which is trained to optimally combine the predictions. In
other words, the meta model learns the errors and corrects the biases of the base models. Figure
10.1 shows the stacking combination method whereby a meta model h accepts the predictions of M
base models to produce the prediction. The meta model can be built using any machine learning
algorithm. But in practice, logistic regression and linear regression are often used as the meta model
for classification and regression problems respectively.

The training is done in two phases. First, the training set is divided into two subsets, one is for
training the base models and the other one is used to train the meta model. Using the first subset,
the base models are trained and the base models should be as different as possible so that they will
make different errors. The second training phase uses the second subset to train the meta model.
The second subset is fed to the base model to produce a set of predictions which will be used as the
training input for the meta model. Then, the ensemble stacking model is evaluated on the test set
by feeding the data to the base models, collecting the predictions of the base models and feeding
the predictions to the meta model to get the final predictions.

Figure 10.1 The meta model combines the predictions of the base models

10.4 Bagging
Bagging, short for bootstrapping aggregating, is a method to build a set of diverse base models by
training them on different training subsets (Breiman 1996). As the name implies, the training subsets
are created by bootstrapping. Bootstrapping is a sampling method with replacement whereby
instances are randomly drawn from the training set. When sampling is performed with replacement,
each subset is independent of other subsets. Also, it allows some instances to appear more than
once in the subsets and others may not appear at all. Thus, the subsets are different from one
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another, although they are drawn from the same training set. Building M base models, we need
M subsets. For each subset, given a training set of size N , we randomly draw Ns instances from
the training set with replacement. It is worth noting that the size of the subsets may be smaller
(Ns < N) if the training set is large. Then, the base models are trained with these M subsets. The
final prediction is obtained by majority voting or simple averaging.

In the case of regression, the average of all the predictions is taken as the final prediction. Figure
10.2 shows how bootstrapping is used to build a bagging model. As shown in the figure, an instance
may appear more than one time in the subset due to sampling with replacement. For example,
instance 2 and 7 appear twice in subset 1. The M base models are trained on the bootstrap samples,
and their predictions are aggregated by averaging or voting. Note that bagging is a method that is
independent of any machine learning algorithm. In other words, we can use any algorithm to build
the M base models. The bagging algorithm is given Algorithm 8.

Figure 10.2 The bootstrap samples are used to build the base models which are then aggregated to produce
the final prediction

Algorithm 8 Bagging Algorithm
1: for m = 1 to M do
2: Randomly sample training subset Dm from Dtr (bootstrapping)
3: Train a base model bm using Dm

4: end for

Bagging exploits many base models to outperform a single model and those base models are built
by training on overlapping subsets. This has the effect of reducing the variance while retaining the
bias. Let us see why variance error can be reduced with bagging. The bias-variance decomposition
shows that the prediction can be decomposed into bias, variance and irreducible errors where the
variance error is defined as follows:

var = E[(E[f̂(x)]− f̂(x))2] (10.3)

From equation 10.3, we can see that variance error will be large if the outputs of the predictive
models are far away from the expected predicted value. The final prediction of a bagging model
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which consists of M base models is defined as follows:

f̂(x) = 1
M

M∑
m=1

f̂m(x) (10.4)

Since the final prediction is the average predicted value of M base models and if the number of
base models is large (M →∞), then the output of the bagging model will be close to the expected
predicted value (f̂(x) ∼ E[f̂(x)])) which in turn reduces the variance error. It is worth noting that
a good reduction of variance error can be achieved if the base models are uncorrelated (diverse
base models) or in other words, the base models make different errors. However, in practice, the
base models could be correlated due to the generated training subsets are not significantly different.
Hence, the base models will make the same errors and the variance error is not reduced.

Another advantage of bagging is that it provides an estimate of the test error without performing
cross-validation or holding out a test set. When bootstrapping is performed, two independent sets
are created whereby one set consists of instances that are chosen by sampling with replacement.
The other set is all the instances that are not chosen in the sampling process which is known as
out-of-bag set. Since this out-of-bag instances are not used to train the base model, the instances
can be used to obtain the test error of the model. If we do the same for all base models and compute
their test errors, we obtain an estimate of the test error of the ensemble model. Formally, let Sm

denotes the out-of-bag set of base model m. The out-of-bag error of the model is

ϵOOB = 1
|Sm|

∑
(x,y)∈Sm

l(y, h(x)) (10.5)

where l is a loss function such as zero-one loss. The out-of-bag error is an estimate of test error
since the models were not trained on the instances. If M is large enough, the out-of-bag error will
stabilize and converge to the cross-validation error.

10.5 Random Forest
Random forest is an extension to the bagging which combines bagging and random feature selection
to build a collection of diverse decision trees (Breiman 2001). Since random forest is based on
bagging, each decision tree is trained on a randomly sampled subset (Ho 1995). Thus, it has all the
advantages of bagging method such as the out-of-bag error and reduction of variance. But unlike
bagging, during the tree building phase, only a subset of features is considered when choosing the
best split-point for each decision node. The idea is to build diverse and uncorrelated to ensure
optimal variance reduction can be achieved. Due to the feature randomness, the trees will be
different and make different errors which will be averaged out during aggregation.

The algorithm of random forest is given as follows. For each tree, a subset is randomly sampled
using bootstrapping. When building the tree using the subset, only a subset of features is used to
determine the best split-point to define the decision nodes. Specifically, k features are randomly
chosen out of d features (k < d). Each selected feature is evaluated to determine the best-split point
and the best one is chosen to define the decision node. These steps are recursively repeated until the
predefined criteria are met e.g. maximum depth of the tree and the maximum number of leaf nodes.

Random forest has a built-in feature importance which can be obtained from the random forest
construction. For each decision node in a tree, the feature with the best split-point is chosen based
on some impurity functions. The impurity function can be gini or entropy for classification and sum
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of squared error for regression. The feature with the highest decrease of impurity is chosen for the
decision node. The feature importance can be calculated as the average of impurity decrease over
all decision trees in the ensemble random forest model. The algorithm of random forest is given by
Algorithm 9.

Algorithm 9 Random Forest Algorithm
1: for m = 1 to M do
2: Randomly sample training subset Dm from Dtr

3: Build decision tree hm by repeating the following steps for each decision node
4: Randomly choose k features from d features
5: Choose the best split-point among k features
6: Define the decision node using the best split-point
7: end for

10.6 Boosting
Boosting is an ensemble learning algorithm that combines many weak base models to produce a
strong model. A weak model is a model that performs slightly better than random guessing. Thus, a
weak model has an error rate that is slightly below 50%. The model could be any machine learning
model such as a decision tree with a single split which is also known as decision stump. Unlike
bagging models which consist of independent base models, boosting method sequentially builds the
base models in which the models are trained based on the predictions of the previous models. We
describe boosting in general first. The following sections present two popular boosting algorithms,
adaptive boosting and gradient boosting.

Generally, a boosting model takes the form

f̂(x) =
M∑

m=1
αmb(x; γm) (10.6)

where αm is the weight of base model m. The ensemble model is built in an iterative manner
whereby at iteration m, we add base model αmb(x; γm) to the ensemble model. The final prediction
is obtained by evaluating all the base models and taking the weighted sum.

The training is an iterative process whereby base models are added sequentially to the ensemble
boosting model. At each iteration m, the base model and its corresponding optimal weight are
solved and added to the ensemble, and this process is repeated for M base models.

f̂m(x) = f̂m−1(x) + αmb(x; γm) (10.7)

Typically, the optimal base model of each iteration is trained by minimizing a loss function.

min
αm,γm

N∑
i=1

L(yi, αmb(x; γm)) (10.8)

where L is the loss function such as the squared loss and negative log-likelihood.
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10.7 Adaptive Boosting
Adaptive boosting, or simply AdaBoost (Freund and Schapire 1997) sequentially trains the base
models on weighted training instances in which the weights are also sequentially modified to indicate
the importance of the instances in the training process. Initially, the instances have equal weights. In
the following iteration, the weights of the instances are individually updated based on the predictions
of the base model. Those instances that were incorrectly predicted have their weights increased,
while the instances that were correctly predicted have their weights decreased. Thus, the weights
of the instances that are difficult to predict correctly will be ever-increased as iterations proceed,
forcing the subsequent base models to focus on those instances.

Figure 10.3 illustrates the training process of AdaBoost using a simple training set. As shown
in the figure, the number of iterations is 3, hence the training process builds three base models.
Initially, equal weight is assigned to each instance and the base model is trained in the usual manner.
Then, the weights of the instances are adjusted so that the misclassified instances are given more
importance in the next iteration. In iteration m = 1, the three misclassified positive instances as
indicated by the circle have their weights increased. This is shown by the size of those instances in
iteration m = 2. The same procedure is followed for iteration m = 3.

Figure 10.3 A series of base models are trained on weighted instances that are individually updated for every
iteration

We describe the formulation of AdaBoost for binary classification. Although AdaBoost was initially
introduced for binary classification, it has been extended to multi-class classification and regression.
In AdaBoost, the optimal weak model is solved using the exponential loss which is defined as follows:

L(f̂) = e−yf̂(x) (10.9)

Consider a dataset (x1, y1), (x2, y2), ..., (xN , yN ) where each target yi ∈ −1, +1. At iteration m, we
solve for the optimal weak model b(x) and the corresponding weight αm which to be added to the
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ensemble model using the exponential loss.

αm, bm = arg min
α,b

N∑
i=1

e−yi(f̂m−1(xi)+αb(xi))

= arg min
α,b

N∑
i=1

e−yif̂m−1(xi)e−αyib(xi)

(10.10)

Let wi
m = e−yif̂m−1(xi). Note that the term does not depend on α and b, but depends on the

ensemble model f̂m−1. Thus, we can assume wi
m as the weight of instance i at iteration m.

αm, bm = arg min
α,b

N∑
i=1

wi
me−αyib(xi) (10.11)

The expression can be written based on two cases: misclassification (y ≠ b(x)) and correct
classification (y = b(x)).

αm, bm = arg min
α,b

∑
i|y=b(x)

wi
me−α +

∑
i|y ̸=b(x)

wi
meα (10.12)

We can write ∑
i|y=b(x) wi

me−α = ∑N
i=1 wi

me−α−
∑

i|y ̸=b(x) wi
me−α. Therefore, equation 10.12 can be

written as follows:

αm, bm = arg min
α,b

N∑
i=1

wi
me−α −

∑
i|y ̸=b(x)

wi
me−α +

∑
i|y ̸=b(x)

wi
meα

= arg min
α,b

e−α
N∑

i=1
wi

m +
∑

i|y ̸=b(x)
wi

m(eα − e−α)

= arg min
α,b

(eα − e−α)
N∑

i=1
wi

mI(y ̸= b(xi)) + e−α
N∑

i=1
wi

m

(10.13)

Assuming the instance weights have been normalized such that ∑N
i=1 wi

m = 1. The normalization
factor is a constant factor, hence it will not affect the minimization operation.

αm, bm = arg min
α,b

(eα − e−α)
N∑

i=1
wi

mI(y ̸= b(xi)) + e−α (10.14)

From equation 10.14, since eα − e−α is a positive value, we see that the weak base model bm to be
added is

bm = arg min
N∑

i=1
wi

mI(y ̸= b(xi)) (10.15)

We can see that this is actually the weighted error of the base model. Note that the base model
does not have to be strong. It is sufficient that the weighted error is less than 0.5.

Now, we need to solve for αm. Let us denote the weighted error as ϵm = ∑N
i=1 wi

mI(y ̸= b(xi)). We
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substitute ϵm into the expression.

αm = arg min
α,b

(eα − e−α)ϵm + e−α

= arg min
α,b

eαϵm − e−αϵ + e−α
(10.16)

We take the derivative with respect to α, and then divide it by e−α.

∂(eαϵm − e−αϵ + e−α)
∂α

= eαϵm + e−αϵm − e−α

= e2αϵm + ϵm + 1
(10.17)

Setting it to zero to solve for the minimum.

e2αϵm + ϵm + 1 = 0

e2α = 1− ϵm

ϵm

2α = ln 1− ϵm

ϵm

αm = 1
2 ln 1− ϵm

ϵm

(10.18)

Therefore, the ensemble model is then updated as follows:

f̂m+1(x) = f̂m(x) + αmbm(x) (10.19)

Recall that wi
m = e−yif̂m−1(xi). The weights of the next iteration is

wi
m+1 = e−yif̂m(xi)

= e−yi(f̂m−1(xi)+αmbm(xi))

= e−yif̂m−1(xi) · e−yibm(xi)αm

= wi
m · e−yibm(xi)αm

(10.20)

We can rewrite −yibm(xi) = 2 · I(yi ̸= bm(xi))− 1. Thus, the weight update becomes

wi
m+1 = wi

m · e(2·I(yi ̸=bm(xi))−1)αm

= wi
m · eαm2·I(yi ̸=bm(xi))−αm

= wi
m · eαm2·I(yi ̸=bm(xi)) · e−αm

(10.21)

Notice that the term e−αm multiplies all the weights by the same value and it will be canceled out
in the normalization step. Thus, it has no effect on the weight update and can be dropped. Putting
everything together, the algorithm of AdaBoost is given in Algorithm 10.

10.8 Gradient Boosting
Gradient boosting is a generalized boosting algorithm that is based on gradient descent. Recall
that gradient descent is used to approximate the function (predictive model) by minimizing the loss
function. This is done by computing the gradients of the loss function with respect to the weights
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Algorithm 10 AdaBoost Algorithm
1: Initialize the instance weights wi

0 = 1
N where i = 1, 2, ..., N

2: for m = 1 to M do
3: Train a base model bm using the weighted training set
4: ϵm =

∑N

i=1 wi
mI(y ̸=b(xi))∑N

i=1 wi
m

5: if ϵm < 1
2 then

6: Compute αm = 1
2 ln 1−ϵm

ϵm

7: f̂m(x) = f̂m−1(x) + αmbm(x)
8: Set wi

m+1 = wi
m·eαm2·I(yi ̸=bm(xi))∑N

i=1 wi
m+1

9: else
10: return f̂m−1(x)
11: end if
12: end for
13: f̂(x) = sign[∑M

m=1 αmbm(x)]

which are then used to update the weights. Using the same approach, we can search the same way
over functions instead of the weights (Friedman 2001; Friedman 2002).

Consider a gradient boosting algorithm with M steps. The algorithm begins with a random guessed
function as the initial weak base model, which could be the average function as indicated by the
black line in Figure 10.4. For each subsequent m steps, we add a base model that will correct
the error of its predecessor’s predictions. This is done by calculating the difference between the
predictions and the true values as indicated by the blue line. The prediction error which is also
known as residual, is then used as the target to train the base model and add it to the ensemble
model. The reasoning behind this is that if we can approximate the residuals, we can use it to
correct wherever errors it had made. This is shown in the figure on the right, the residuals have
been reduced when the average function is added with the newly built base model.

Figure 10.4 The base model is trained on the residuals to improve the prediction

We describe the formulation of gradient boosting for regression. Given a loss function

L(f̂) =
N∑

i=1
L(yi, f̂(xi)) (10.22)

where L(yi, f̂(xi)) is the regression loss such as squared loss function and f̂ is the approximated
function or the trained model. The aim is to minimize L(f̂) with respect to f̂ . Recall that in
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boosting, weak base models are sequentially added to produce an ensemble model. Thus, minimizing
the loss function can be viewed as

f̂ = arg min L(f̂) (10.23)

where f̂ = (f̂(x1), f̂(x2), ..., f̂(xN )). The optimization problem is solved using gradient descent. At
step m, the gradient of L(f̂) is

gi
m = [∂L(yi, f̂(xi))

∂f̂(xi)
]f̂=f̂m−1

= −(yi − f̂(xi)) (10.24)

We would like to reduce the residuals of the previous step. Thus the negative gradient is taken

ri
m = −gi

m = (yi − f̂(xi)) (10.25)

Train bm(x, γm) using the (x1, r1), (x2, r2), ..., (xN , rN ).

γm = arg min
N∑

i=1
(ri

m − b(xi, γ))2 (10.26)

Finally, add bm to the ensemble model.

f̂m = f̂m−1 + αbm (10.27)

where α is a constant value typically in the range of 0 and 1.

In practice, the base model is implemented a decision tree with a limited depth e.g. maximum
depth of 3. Gradient boosting can be used for both regression and classification. For classification,
the log loss (binary cross entropy) is used as the loss function. Putting everything together, the
algorithm of gradient boosting is given in Algorithm 11.

Algorithm 11 Gradient Boosting Algorithm
1: for m = 1 to M do
2: Compute the gradient residual ri

m = −[∂L(yi,f̂(xi))
∂f̂(xi) ]f̂=f̂m−1

3: Train a base model which minimize ∑N
i=1(ri

m − bm(xi, γm))2

4: Update f̂m(x) = f̂m−1(x) + bm(x, γm)
5: end for
6: Return f̂(x) = f̂M (x)

10.9 Implementing Ensemble Models
In this section, we will be implementing ensemble learning methods using Scikit-Learn. We will
be using the QSAR biodegradation dataset. The prediction task is to classify the data into ready
biodegradable and not ready biodegradable.
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import pandas as pd
import wget
from zipfile import ZipFile
from sklearn.model_selection import train_test_split
data_url = 'https://archive.ics.uci.edu/ml/machine-learning-databases/
00254/biodeg.csv'
wget.download(data_url)
data_df = pd.read_csv('biodeg.csv', sep=';', header=None)
dataset = data_df.values
y = dataset[:,-1]
X = dataset[:,:-1]
X_train, X_test, y_train, y_test = train_test_split(X, y, test_size=0.3, random_state=10)

We create a function to print out the accuracy score, confusion matrix and classification report.

from sklearn.metrics import accuracy_score, confusion_matrix, classification_report

def print_clf_evaluation(y_test, y_pred):
print(accuracy_score(y_test, y_pred))
print(confusion_matrix(y_test, y_pred))
print(classification_report(y_test, y_pred))

10.9.1 Stacking

Stacking ensemble classifier can be built by importing StackingClassifier from
sklearn.ensemble. The parameters of the module are:

• estimators is the list of base models which will be stacked together.
• final_estimator is the classifier which will be used to combine the base models. If

final_estimator is not defined, logistic regression will be used.
• cv is the number of folds for the cross-validation splitting strategy. If the value is None, cv

equal to 5. The default value is None.
• passthrough accepts either False or True. If the value is False, only the predictions of

estimators will be used as training data for final_estimator. If the value is True, the
final_estimator is trained on the predictions as well as the original training data. By
default, the value is False.

Let us build a stacking classifier using decision tree, k-nearest neighbors and logistic regression
classifiers. First, we build the classifiers, and append the classifiers to a list.

from sklearn.linear_model import LogisticRegression
from sklearn.neighbors import KNeighborsClassifier
from sklearn.tree import DecisionTreeClassifier
dtc = DecisionTreeClassifier(random_state=0)
lgc = LogisticRegression()
knn = KNeighborsClassifier()

classifiers = []
classifiers.append(('c1', dtc))
classifiers.append(('c2', lgc))
classifiers.append(('c3', knn))
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Now, we build the stacking classifier. We use support vector machine as final_estimator.

from sklearn.ensemble import StackingClassifier
from sklearn.svm import SVC
from sklearn.preprocessing import StandardScaler
from sklearn.pipeline import make_pipeline
svc = SVC(probability=True)
stk_clf = StackingClassifier(estimators=classifiers, final_estimator=svc)
stk_clf_pipeline = make_pipeline(StandardScaler(), stk_clf)
stk_clf_pipeline.fit(X_train, y_train)

We evaluate the classifier on the test set.

y_pred = stk_clf_pipeline.predict(X_test)
print_clf_evaluation(y_test, y_pred)

0.886435331230284
[[193 19]
[ 17 88]]

precision recall f1-score support

NRB 0.92 0.91 0.91 212
RB 0.82 0.84 0.83 105

accuracy 0.89 317
macro avg 0.87 0.87 0.87 317

weighted avg 0.89 0.89 0.89 317

10.9.2 Voting Classifier

Voting ensemble classifier can be built by importing VotingClassifier from sklearn.ensemble.
The parameters of the module are:

• estimators is the list of base models.
• voting is either 'hard' or 'soft'. If 'hard', the output is the predicted class. If 'soft', the

output is the predicted probabilities.
• weights is the sequence of weights to weight the occurrences of predicted class labels for hard

voting or class probabilities before averaging for soft voting.

Let us build a voting classifier using decision tree, SVM and logistic regression classifiers. First, we
build the classifiers, and append the classifiers to a list.

dtc = DecisionTreeClassifier(random_state=0)
lgc = LogisticRegression()
svc = SVC(probability=True)
classifiers = []
classifiers.append(('c1', dtc))
classifiers.append(('c2', lgc))
classifiers.append(('c3', svc))

Now, we build the voting ensemble classifier. The voting scheme is set to 'soft'. That means every
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individual classifier provides a probability value of an example belonging to a particular target class.

from sklearn.ensemble import VotingClassifier
vot_clf = VotingClassifier(classifiers, voting='soft')
vot_clf_pipeline = make_pipeline(StandardScaler(), vot_clf)
vot_clf_pipeline.fit(X_train, y_train)

We evaluate the classifier on the test set.

y_pred = vot_clf_pipeline.predict(X_test)
print_clf_evaluation(y_test, y_pred)

0.861198738170347
[[191 21]
[ 23 82]]

precision recall f1-score support

NRB 0.89 0.90 0.90 212
RB 0.80 0.78 0.79 105

accuracy 0.86 317
macro avg 0.84 0.84 0.84 317

weighted avg 0.86 0.86 0.86 317

10.9.3 Bagging Classifier

Bagging ensemble classifier can be built by import BaggingClassifier from sklearn.ensemble.
The parameter

• base_estimator is the base model. If the parameter is not specified, decision tree will be
used. The default value is None.

• n_estimators is the number of base models in the ensemble. By default, the value is 10.
• max_samples is the number of instances to draw from the training set to train each base

model. This parameter accepts an integer or float value. If float, it is the fraction of the total
number of instances. By default, the value is 1.0.

• max_features is he number of features to draw from the training set to train each base model.
This parameter accepts an integer or float value. The default value is 1.0.

• bootstrap is for specifying whether samples are drawn with replacement. If False, sampling
without replacement is performed. By default, the value is True.

• oob_score is for specifying whether to use out-of-bag samples to estimate the generalization
error. This parameter is available if bootstrap value is True. By default, the value is False.

• n_jobs is the number of jobs to run in parallel for both training and testing. By default, the
value is None, means 1.

Let us build a bagging classifier using decision tree as the base models. We set the number of base
models equal to 120 and oob_score equal to True. Later we will display the out-of-bag score.
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from sklearn.ensemble import BaggingClassifier
from sklearn.pipeline import Pipeline
dt = DecisionTreeClassifier(criterion='entropy', random_state=0)
bag_clf = BaggingClassifier(dt, n_estimators=120, oob_score=True,

n_jobs=2, random_state=0)
steps = [('scaler', StandardScaler()),('bag_clf', bag_clf)]
bag_clf_pipeline = Pipeline(steps=steps)
bag_clf_pipeline.fit(X_train, y_train)

We display the out-of-bag score by using oob_score_ attribute.

print(bag_clf_pipeline['bag_clf'].oob_score_)

0.8658536585365854

We evaluate the classifiers on the test set. The test accuracy is similar to out-of-bag score.

y_pred = bag_clf_pipeline.predict(X_test)
print_clf_evaluation(y_test, y_pred)

0.8675078864353313
[[201 11]
[ 31 74]]

precision recall f1-score support

NRB 0.87 0.95 0.91 212
RB 0.87 0.70 0.78 105

accuracy 0.87 317
macro avg 0.87 0.83 0.84 317

weighted avg 0.87 0.87 0.86 317

10.9.4 Random Forest Classifier

Now, let us build the Random Forest classifier. The classifier can be built by import
RandomForestClassifier from sklearn.ensemble. The parameters of the module are:

• n_estimators is the number of base estimators in the ensemble. By default, the value is 100.
• criterion the criteria to measure the quality of a split. The possible values are 'gini'

(default) or 'entropy'.
• max_depth is the maximum depth of the tree. This parameter accepts an integer value or

None. By default, the value is None which means the tree will be built until all leaves contain
less than min_samples_split samples.

• min_samples_split is the minimum number of samples required to split the node. This
parameter accepts an integer value or a float value such as 5 or 0.1. A float value refers to the
fraction of the total instances. By default, the value is 2.

• min_samples_leaf is the minimum number of samples required to be at a leaf node. This
parameter accepts an integer value or a float value such as 5 or 0.1. A float value refers to the
fraction of the total instances. By default, the value is 1.
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• max_features The number of features to consider when looking for the best split. The possible
values are 'sqrt', 'log2' or None. By default, the value is 'sqrt'.

• max_leaf_nodes is the maximum number of leaves. By default, the value is None which means
an unlimited number of leaf nodes.

• bootstrap is for specifying whether samples are drawn with replacement. If False, sampling
without replacement is performed. By default, the value is True.

• oob_score is for specifying whether to use out-of-bag samples to estimate the generalization
error. This parameter is available if bootstrap value is True. By default, the value is False.

• n_jobs is the number of jobs to run in parallel for both training and testing. By default, the
value is None, means 1.

We import the module to build a random forest classifier. The number of base models is set to 120,
oob_score is set to True and max_features is set to 'sqrt'.

from sklearn.ensemble import RandomForestClassifier
rf_clf = RandomForestClassifier(n_estimators=120, max_features='sqrt',

oob_score=True, n_jobs=2, random_state=0)
steps = [('scaler', StandardScaler()), ('rf_clf', rf_clf)]
rf_clf_pipeline = Pipeline(steps=steps)
rf_clf_pipeline.fit(X_train, y_train)

Similarly, we can display the out-of-bag score of the classifier.

print(rf_clf_pipeline['rf_clf'].oob_score_)

0.8685636856368564

We evaluate the classifiers on the test set.

y_pred = rf_clf_pipeline.predict(X_test)
print_clf_evaluation(y_test, y_pred)

0.861198738170347
[[202 10]
[ 34 71]]

precision recall f1-score support

NRB 0.86 0.95 0.90 212
RB 0.88 0.68 0.76 105

accuracy 0.86 317
macro avg 0.87 0.81 0.83 317

weighted avg 0.86 0.86 0.86 317

10.9.5 AdaBoost Classifier

AdaBoost classifier can be built by importing AdaboostClassifier from sklearn.ensemble. The
parameters of the module are:

• base_estimator is the base model from which the boosted ensemble is built. If
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base_estimator is not defined, decision tree with a maximum depth equals to 1 will be used.
By default, the value is None.

• n_estimators is the maximum number of base models at which boosting is terminated. By
default, the value is 50.

• learning_rate is the weight applied to each classifier at each boosting iteration. A higher
learning rate increases the contribution of each classifier. There is a trade-off between the
learning_rate and n_estimators parameters. The default value is 1.0.

We import the module and build AdaBoost classifier using decision tree with maximum depth equal
to 1 as the base model. The number of base model is set to 300 and the learning rate is set to 0.05.

from sklearn.ensemble import AdaBoostClassifier
scaler = StandardScaler()
dt = DecisionTreeClassifier(max_depth=1, random_state=0)
ada_clf = AdaBoostClassifier(dt, n_estimators=300, learning_rate=0.05)
ada_clf_pipeline = make_pipeline(scaler, ada_clf)
ada_clf_pipeline.fit(X_train, y_train)

We evaluate the classifiers on the test set.

y_pred = ada_clf_pipeline.predict(X_test)
print_clf_evaluation(y_test, y_pred)

0.8738170347003155
[[200 12]
[ 28 77]]

precision recall f1-score support

NRB 0.88 0.94 0.91 212
RB 0.87 0.73 0.79 105

accuracy 0.87 317
macro avg 0.87 0.84 0.85 317

weighted avg 0.87 0.87 0.87 317

10.9.6 Gradient Boosting Classifier

Finally, we implement gradient boosting. We import the module from sklearn.ensemble. Some of
the parameters are

• loss is the loss function to be optimized. The possible values are 'log_loss', 'deviance',
'exponential'. By default, the value is 'log_loss'.

• n_estimators is the number of boosting stages to perform.
• criterion is the criterion of the decision tree. The possible values are 'friedman_mse',

'squared_error' and 'mse'. The default value is 'friedman_mse'.
• learning_rate is the weight of each tree. The default value is 0.1.
• max_depth is the maximum depth of the tree. This parameter accepts integer value. By

default, the value is 3.
• min_samples_split is the minimum number of samples required to split the node. This

parameter accepts an integer value or a float value such as 5 or 0.1. A float value refers to the
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fraction of the total instances. By default, the value is 2.
• min_samples_leaf is the minimum number of samples required to be at a leaf node. This

parameter accepts an integer value or a float value such as 5 or 0.1. A float value refers to the
fraction of the total instances. By default, the value is 1.

• max_features The number of features to consider when looking for the best split. The possible
values are 'sqrt', 'log2' or None. By default, the value is 'sqrt'.

• max_leaf_nodes is the maximum number of leaves. By default, the value is None which means
an unlimited number of leaf nodes.

Let us build a gradient boosting classifier. We n_estimator equal to 500 and learning_rate equal
to 0.05. The maximum depth of each base model is 1 and max_features is set to 'sqrt'.

from sklearn.ensemble import GradientBoostingClassifier
scaler = StandardScaler()
gbt_clf = GradientBoostingClassifier(n_estimators=500, learning_rate=0.05,

max_depth=1, max_features='sqrt',
random_state=0)

gbt_clf_pipeline = make_pipeline(scaler, gbt_clf)
gbt_clf_pipeline.fit(X_train, y_train)

We evaluate the classifiers on the test set.

y_pred = gbt_clf_pipeline.predict(X_test)
print_clf_evaluation(y_test, y_pred)

0.8738170347003155
[[199 13]
[ 27 78]]

precision recall f1-score support

NRB 0.88 0.94 0.91 212
RB 0.86 0.74 0.80 105

accuracy 0.87 317
macro avg 0.87 0.84 0.85 317

weighted avg 0.87 0.87 0.87 317

Exercises
1. Explain weak models in the context of ensemble learning.

2. Explain the differences between bagging and boosting.

3. Explain the difference between voting and stacking using a linear perceptron as the combiner
function.

4. Explain why is the training efficiency of random forest better than bagging.

5. Explain out-of-bag error.

6. Explain the differences between gradient boosting and adaptive boosting decision trees.

7. You are tasked to build a classification model for a prediction problem. The dataset is large
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with a low number of noisy samples. However, it is found that a single model gets a very low
performance. Thus, it is decided that the ensemble learning methods bagging or boosting is
to be used to build a better classification model for the prediction problem. Choose a method
and explain your reason for choosing the method over another method.

8. A data scientist builds an ensemble model using voting method for a binary classification
problem. The ensemble model consists of three base models, h1, h2 and h3. Assuming that
given an input x, the ensemble model misclassifies the data with the following probabilistic
outputs, explain the shortcoming of the ensemble model and suggest an improvement that
could be made to improve the accuracy of the ensemble model.

h1(x) = [0.25, 0.75]

h2(x) = [0.12, 0.88]

h3(x) = [0.19, 0.81]



Chapter 11

Artificial Neural Network

11.1 Introduction
Artificial neural network or simply neural network is a machine learning technique that is modeled
loosely after the human brain. It is a powerful, scalable and versatile technique that has been used
to solve highly complex problems such as e-mail spam filtering, machine translation and pattern
recognition. The fundamental building block of a neural network is the perceptron. Recall that a
perceptron is a hyperplane that divides the feature space into positive and negative regions. The
prediction of the hyperplane is defined by

f̂(x) = sign(∑d
j=0 wjxj) = w⊺x

where x is the feature vector and w is the weight vector that defines the hyperplane. This
computation can be represented by a network diagram as shown in Figure 11.1.

Figure 11.1 A network diagram of a perceptron

The perceptron accepts an arbitrary number of input features xj , and each input is associated with
a weight wj . The linear combination of the inputs are then fed to the sign function to produce the
prediction ŷ. Multiple perceptrons can be stacked on top of each other, forming a layer of output
which is known as a fully connected layer. This layer of perceptrons can be connected to another
layer of perceptrons as shown in Figure 11.2. This model is known as multilayer perceptron aka
neural network. Note that an individual perceptron (later referred to as a unit) is simplified by
representing the summation, sign function and prediction with a single node aj . As can be seen
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in the figure, the neural network has two layers of units, an intermediate layer (also known as a
hidden layer) and an output layer. Thus, we have two sets of weights, one is for the hidden layer
and the second set is for the output layer. The output layer is not directly connected to the input
features. Instead, the output layer gets its inputs from the hidden layer which maps the inputs to a
new feature space. We can think of this as deriving a new set of inputs for the prediction.

Figure 11.2 Multilayer of perceptrons known as neural network

In neural networks, the sigmoid function is used instead of the sign function. The sigmoid function
which is also known as activation function is used to introduce non-linearity to the model. This will
help the neural network to learn non-linear decision boundaries. Sigmoid function maps the input to
any value range between (0, 1) as shown in Figure 11.3(a). It has a nice property where it tends to
bring the activations towards 0 or 1 due to the steep slope in the middle of the function. However,
the gradient at either tail of 0 or 1 is very small or almost zero. This may cause the weights of the
network not to be updated during training. This problem is known as vanishing gradient. Sigmoid
function is defined as follows:

a(z) = 1
1 + e−z (11.1)

where z = w⊺x is the inner product between the weight vector w and the input vector x. Besides
sigmoid function, the commonly used activations are hyperbolic tangent (tanh) and rectified linear
unit (ReLU). Tanh is similar to sigmoid function. Instead of mapping the input to any value in the
range of (0, 1), the output of the function is in the range of (−1, 1). This is shown in Figure 11.3(b).
It is closely related to sigmoid because the following holds.

a(z) = 2σ(2z)− 1 (11.2)

where σ is the sigmoid function. Although they have similar properties, tanh is preferred because
it often converges faster than the sigmoid (Y. A. LeCun et al. 2012). ReLU is a piecewise linear
function whereby it is linear for all positive values and zero for all negative values as shown in Figure
11.3(c). Compared to sigmoid and tanh, ReLU is simpler to compute and therefore takes less time
to train and execute. Unlike sigmoid and tanh, ReLU does not suffer from saturation or vanishing
gradient. However, ReLU may cause some units to always output zero due to the zero gradient at
z ≤ 0. As a result, the units are not taking part in the prediction (Lu et al. 2020). ReLU function
is defined as follows:

a(z) = max(0, z) (11.3)

Various variant of ReLU have been proposed such as Leaky ReLU and exponential liner unit (ELU).



Machine Learning and Deep Learning with Python 171

(a) (b) (c)

Figure 11.3 The commonly used activation functions

11.2 Forward Propagation
The output of the neural network is obtained by propagating the inputs through the hidden layer
to the output layer. Let L be the number of layers in a neural network excluding the input layer.
Hence, for the neural network in Figure 11.2, L = 2 where l = 1 is the hidden layer and l = 2 is
the output layer. The weights including the bias are denoted by w where w

(l)
ij denotes the weight

associated with the connection between unit i in layer l − 1 and unit j in layer l. The w
(l)
0j is the

bias associated with unit j in layer l. We denote the i-th input as xi. The forward propagation of
input xi to the units of layer l is given as follows:

z
(1)
1 = w

(1)
01 + w

(1)
11 x1 + w

(1)
21 x2 (11.4)

z
(1)
2 = w

(1)
02 + w

(1)
12 x1 + w

(1)
22 x2 (11.5)

z
(1)
3 = w

(1)
03 + w

(1)
13 x1 + w

(1)
23 x2 (11.6)

a
(1)
1 = g(z(1)

1 ) (11.7)

a
(1)
2 = g(z(1)

2 ) (11.8)

a
(1)
3 = g(z(1)

3 ) (11.9)

where g(z(l)
j ) is the activation function. The propagation of the signals to the output layer follows

the same computation.

z(2) = w
(2)
0 + w

(2)
1 a

(1)
1 + w

(2)
2 a

(1)
2 + w

(2)
3 a

(1)
3 (11.10)

ŷ = a(2) = g(z(2)) (11.11)

We can generalize the forward propagation from layer l to layer l + 1 as follows:

z
(l+1)
j =

sl∑
i=0

w
(l+1)
ij a

(l)
i (11.12)

a
(l+1)
j = g(z(l+1)

j ) (11.13)

where sl is the number of units in layer l.
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11.3 Output Layer
Neural networks can be used for both classification and regression. For regression, the number of
units is equal to the number of output responses. For example, if there are three responses, the
number of units at the output layer is three. The activation function is typically linear a(x) = z(x).
ReLU or sigmoid function is used if the response is normalized. For binary classification, one
unit is sufficient at the output layer to represent both classes. The sigmoid function is used to
obtain an output value in the range of (0, 1). This is similar to logistic regression. If the predicted
value is above 0.5, assign the test input to class 1. Otherwise, assign it to class 0. For multiclass
classification, the number of units is equal to the number of classes. The c-th unit represents the
probability of class c whereby the sum of the probabilistic outputs is 1. Softmax function is used to
ensure the output is probabilistic.

ŷj = ezj∑C
c=1 ezc

(11.14)

11.4 Backward Propagation Algorithm
The parameters of the neural networks needs to be estimated to solve the prediction problem. The
estimation of the parameters (also known as training or learning) is a process of finding the weight
and bias values that will produce the desired output at the output layer when a certain input is
given to the network. How does a neural network learn? For a human to learn to do things, we will
be told whether we are doing it right or wrong. For example, if we are to learn to play football,
we watch how the ball flies as we kick the ball. The next time we kick the ball, we remember
the mistake that we have done before and improvise the movement to kick the ball a bit better.
Similarly, a neural network learns to solve a problem by comparing the output that is produced
by the network with the output that was meant to produce. The difference between the neural
network’s output and the label (true output) is the amount of error that the neural network needs
to reduce to improve its prediction. The error is calculated using the loss function. The choice of
the loss function depends of the prediction problem. For regression problem, the mean squared
error is used while the negative log-likelihood (cross entropy) is used for classification problem.

Jsq(f̂) = 1
N

N∑
i=1

(yi − f̂(x)i)2 (11.15)

Jnll(f̂) = − 1
N

N∑
i=1

C∑
c=1

yi
c loge f̂c(xi) (11.16)

J(f̂) is a measure of how badly the network is performing. Thus, the loss function needs to be
minimized in order for the neural network to produce the correct output. Minimizing the loss
function involves adjusting the weights of the connections between two units in the network. The
weights are adjusted in such a way that the output that will be produced by the network is close
to the actual output. This involves propagating the error from the output layer to the hidden
layer(s). Hence the process is known as backward propagation (or backpropagation) (Rumelhart,
Geoffrey E. Hinton, and Williams 1986). The backpropagation is performed using the gradient
descent. The backpropagation algorithm computes the partial derivatives (gradients) of the loss
function with respect to each weight of the neural network. Consider the neural network in Figure
11.4.
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Figure 11.4 Multilayer of perceptrons known as neural network

The gradient with respect to weight w
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i connecting the hidden layer to the output layer is
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The gradient with respect to weight w
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ij connecting the input layer to the hidden layer is
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Then, the weights are updated using the computed gradients.

w
(l)
ij := w

(l)
ij − α

∂J

∂w
(l)
ij

(11.19)

where α is the step size or learning rate. Note that := is an assignment operator.

11.5 Variants of Gradient Descent
In batch gradient descent, all the training instances are fed to the network, the error for each training
instance is calculated and the average is taken over all the errors, as shown in Figure 11.5. The
average error is then used to update the weights of the neural network. Since the error is calculated
over all training instances, the gradient is a good estimate of the true gradient and the training
is stable. Also, the computation is less demanding since the weights are updated only once per
epoch. However, the training could get stuck at the saddle point or suboptimal minimum because
the calculated gradient is the same for every weight update.

In stochastic gradient descent, instead of the whole training set, a single training instance is used to
calculate the error and update the weights as shown in Figure 11.6. Since the gradient is estimated
on a single instance, the gradient is noisy and it is more difficult to find the optimal minimum.
Thus, it will take longer to train the model. Also, stochastic gradient descent is computationally
intensive because of the frequent weight update. However, due to the noisy gradient, training may
escape saddle point and suboptimal minimum.

Mini-batch gradient descent is the commonly used technique for training neural networks. In
mini-batch gradient descent, the training set is split into a number of small batches as shown in
Figure 11.7. During training, one batch is fed to the network at a time, the error is calculated over
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Figure 11.5 The entire training set is fed to the network to update the weights

Figure 11.6 An instance is fed to the network to update the weights

that mini-batch and used to update the weights. The gradient is less noisy compared to stochastic
gradient descent. Thus, the training is more stable and easier to find the optimal minimum and is
more computationally efficient.

11.6 Introduction to TensorFlow
TensorFlow is a machine learning framework which can be used to design, build and train neural
network models. TensorFlow can be used to perform numerical computations which other libraries
can also do such as NumPy. The difference is that the numerical computations are done with data
flow graphs. Before we can use TensorFlow, we need to install the library. The library and its
documentation can be found at www.tensorflow.org. We can install TensorFlow either using conda
or pip. The official website guides the installation using pip.

If we want to enable the GPU support in TensorFlow, we need to install CUDA and CuDNN.
Otherwise, the following command can be skipped and proceed with TensorFlow installation.

conda install -c conda-forge cudatoolkit=11.2 cudnn=8.1.0

Install TensorFlow using pip.

pip install tensorflow

or install TensorFlow using conda.

conda install -c conda-forge tensorflow
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Figure 11.7 A batch is fed to the network to update the weights

To test the installation, import TensorFlow and print the version.

import tensorflow as tf
print(tf.__version__)

2.9.0

In TensorFlow, data is represented by tensors. Tensors are simply mathematical objects that can be
used to describe scalars, vectors or matrices. Let’s create some basic tensors. Here is a “scalar” or
“rank-0” tensor . A scalar contains a single value, and no “axes”.

x0 = tf.constant(4)
print(x0)

tf.Tensor(4, shape=(), dtype=int32)

Here is a “vector” or “rank-1” tensor is like a list of values. A vector has one dimension. Notice the
shape of the tensor as displayed in the console.

x1 = tf.constant([1,2,3,4])
print(x1)

tf.Tensor([1 2 3 4], shape=(4,), dtype=int32)

Here, we are creating two matrices. A “matrix” or “rank-2” tensor has two dimensions.

x2 = tf.constant([[1,2,3],[4,5,6]])
x3 = tf.constant([[4,5,6],[7,8,9]])

Here we are creating a tensor with three dimensions. Tensors may have more axes e.g. three, four
or more. Here, we are creating tensors with three dimensions. Note the shape of the tensor. The
elements [1,2,3], '1' is x4[0,0,0], '2' is x4[0,0,1] and '3' is x4[0,0,2].
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x4 = tf.constant([[[1,2,3],[4,5,6]],
[[2,4,5],[6,7,8]]])

print(x4)

tf.Tensor(
[[[1 2 3]

[4 5 6]]

[[2 4 5]
[6 7 8]]], shape=(2, 2, 3), dtype=int32)

11.6.1 Arithmetic Operations

Let us perform an addition involving scalar tensor.

result = tf.add(x0, 5)
print(result)

tf.Tensor(9, shape=(), dtype=int32)

Performing a multiplication on a vector tensor (x1) results in all the element will be multiplied with
the specified value.

result = tf.multiply(x1, 5)
print(result)

tf.Tensor([ 5 10 15 20], shape=(4,), dtype=int32)

Here we perform arithmetic operations involving the matrix tensors. Here we are performing
element-wise multiplication between x2 and x3.

result = tf.multiply(x2, x3)
print(result)

tf.Tensor(
[[ 4 10 18]
[28 40 54]], shape=(2, 3), dtype=int32)

We can also use operators to perform arithmetic and matrix multiplication operations.
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res1 = x2 + x3
print(res1)
res2 = x2 - x3
print(res2)
res3 = x2 * x3
print(res3)
res4 = x2 / x3
print(res4)

tf.Tensor(
[[ 5 7 9]
[11 13 15]], shape=(2, 3), dtype=int32)

tf.Tensor(
[[-3 -3 -3]
[-3 -3 -3]], shape=(2, 3), dtype=int32)

tf.Tensor(
[[ 4 10 18]
[28 40 54]], shape=(2, 3), dtype=int32)

tf.Tensor(
[[0.25 0.4 0.5 ]
[0.57142857 0.625 0.66666667]], shape=(2, 3), dtype=float64)

To perform dot product, type the following statement. We need to transpose x2 so that the matrix
size is compatible.

result = tf.matmul(tf.transpose(x2), x3)
print(result)

tf.Tensor(
[[32 37 42]
[43 50 57]
[54 63 72]], shape=(3, 3), dtype=int32)

Dot product can also be performed using @ operator.

res5 = tf.transpose(x2) @ x3
print(res5)

tf.Tensor(
[[32 37 42]
[43 50 57]
[54 63 72]], shape=(3, 3), dtype=int32)

11.6.2 Indexing

TensorFlow follows standard Python indexing rules, similar to indexing a list or a string in Python,
and the basic rules for NumPy indexing.

• indexes start at 0
• negative indices count backwards from the end
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• colons (:), are used for slices: start:stop:step

Perform the following indexing and try to understand the indexing results. Here, we are retrieving
the first row of x5.

x5 = tf.constant([[1,3,5],[2,4,6],[3,5,7]])
print(x5[0,:])

tf.Tensor([1 3 5], shape=(3,), dtype=int32)

We can select the last row or column by specifying −1. Here, we are retrieving the last column of
x5.

print(x5[:,-1])

tf.Tensor([5 6 7], shape=(3,), dtype=int32)

Sometimes we need to reshape a tensor. To view the shape of a tensor, use shape property.

x6 = tf.constant([[1,2,3],[4,5,6],[7,8,9],[10,11,12]])
print(x6.shape)

(4, 3)

We can reshape a tensor into a new shape. To reshape a tensor use reshape method.

x6_reshape = tf.reshape(x6, [6, 2])
print(x6_reshape)

tf.Tensor(
[[ 1 2]
[ 3 4]
[ 5 6]
[ 7 8]
[ 9 10]
[11 12]], shape=(6, 2), dtype=int32)

Can we reshape a tensor into any shape? Yes, as long as the elements required for reshaping are
equal in both shapes. We are allowed to have one unknown dimension by passing −1 as the value of
reshape. Specifically, we do not have to specify an exact value for one of the dimensions in the
reshape method.

x6_reshape = tf.reshape(x6, [-1, 2])
print(x6_reshape)
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tf.Tensor(
[[ 1 2]
[ 3 4]
[ 5 6]
[ 7 8]
[ 9 10]
[11 12]], shape=(6, 2), dtype=int32)

An array can be converted to a tensor. Here, we create a NumPy array with one dimension.

import numpy as np
a1 = np.array([2,4,6,8])
print(a1)

[2 4 6 8]

x7 = tf.convert_to_tensor(a1)
print(x7)

tf.Tensor([2 4 6 8], shape=(4,), dtype=int32)

A tensor can be converted to a NumPy array. Here, the tensor is added with a value of 2.

x8 = tf.add(x7,2)
a2 = x8.numpy()
print(a2)

[ 4 6 8 10]

11.7 Implementing Artificial Neural Networks
Now, let us implement a neural network using TensorFlow. We will be using the same dataset as in
the previous chapter, QSAR biodegradation dataset. The prediction task is to classify the data
into ready biodegradable and not ready biodegradable. We load the dataset and then split it into
training and test sets.
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import pandas as pd
import wget
from zipfile import ZipFile
from sklearn.model_selection import train_test_split
data_url = 'https://archive.ics.uci.edu/ml/machine-learning-databases/
00254/biodeg.csv'
wget.download(data_url)
data_df = pd.read_csv('biodeg.csv', sep=';', header=None)
dataset = data_df.values
y = dataset[:,-1]
X = dataset[:,:-1]
X_train, X_test, y_train, y_test = train_test_split(X, y, test_size=0.3, random_state=10)

We import MinMaxScaler and normalize the data.

from sklearn.preprocessing import MinMaxScaler
scaler = MinMaxScaler()
X_train_norm = scaler.fit_transform(X_train)
X_test_norm = scaler.transform(X_test)

We need to encode the labels to one-hot encoding format. First we use LabelEncoder from
sklearn.preprocessing to convert the string format to integer.

from sklearn.preprocessing import LabelEncoder
enc = LabelEncoder()
y_train = enc.fit_transform(y_train)
y_test = enc.transform(y_test)

Then, we use one_hot method to convert the integer labels to one-hot encoding format. Parameter
depth defines the depth of the one-hot dimension.

y_train_1hot = tf.one_hot(y_train, depth=2)
y_test_1hot = tf.one_hot(y_test, depth=2)

Now, let us build the neural network. We will be using a module called Sequential. The module
allows us to stack layers of fully connected units (neurons) to form a multilayer perceptron or neural
network. The layers are defined as a list and the list is passed to the module. Here, we create the
list and define the layers starting from the input followed by the hidden layer and the output layer.
The input layer has 41 input units, the hidden layer has 20 units with ReLU activation function
and the output layer has 1 unit with sigmoid activation function. The hidden and output layers are
define using Dense module which is the regular fully connected layer. The module has a parameter
called use_bias which can be set to True or False. By default, use_bias parameter is set to True.

layers = [tf.keras.layers.Input(shape=(41,)),
tf.keras.layers.Dense(units=20, activation='relu'),
tf.keras.layers.Dense(units=1, activation='sigmoid')]

We import the Sequential module and create the model.
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from tensorflow.keras.models import Sequential
model = Sequential(layers=layers)

We can display the architecture of the model using summary method.

print(model.summary())

Model: "sequential"
_________________________________________________________________
Layer (type) Output Shape Param #

=================================================================
dense (Dense) (None, 20) 840

dense_1 (Dense) (None, 1) 21

=================================================================
Total params: 861
Trainable params: 861
Non-trainable params: 0
_________________________________________________________________

The summary reports the number of weights for each layer in the last column. The first column
shows the name of each layer and the second column shows their output. We can also build a
Sequential model by adding the layers one-by-one using add method as follows.

model = Sequential()
model.add(tf.keras.layers.Input(shape=(41,)))
model.add(tf.keras.layers.Dense(units=20, activation='relu'))
model.add(tf.keras.layers.Dense(units=1, activation='sigmoid'))

We can easily get the model’s list of layers by its index.

output_layer = model.layers[1]

We can assess the weights using get_weights and set_weights methods. In the example, we get
the weights including the bias and display them. Notice that the weights are randomly initialized
and bias is initialized to zero.

weights, biases = output_layer.get_weights()

11.7.1 Loss Functions

After the model is created, we need to define the loss function to be used to train the model.
TensorFlow provides various loss functions in tf.keras.losses such as (binary) cross entropy and
mean squared error. Some of the loss functions are

• BinaryCrossentropy computes the cross entropy loss between labels and predicted labels.
• CategoricalCrossentropy computes the cross entropy loss between the labels and predicted

labels.
• MeanSquaredError computes the mean of squared difference between targets and predicted
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values.

Since the prediction task is binary classification, we will use the binary cross entropy.

loss_fn = tf.keras.losses.BinaryCrossentropy()

Let us predict the first five rows of the training set and use the loss function to compute the loss
value. We pass the data to predict method of the model to produce the predictions. In this
example, we pass first five rows of the training set.

y_pred = model.predict(X_train_norm[:5])

Then, we pass the true labels and the predicted labels to the loss function. squeeze function is to
reduce the tensor’s dimension to 1-d since the y_train is 1-d.

print(loss_fn(y_train[:5], tf.squeeze(y_pred)))

tf.Tensor(0.6442506, shape=(), dtype=float32)

11.7.2 Optimizers

Now, let us define the training algorithm or known as optimizer in TensorFlow. In addition to the
gradient descent, TensorFlow provides the variants of gradient descent such as Adagrad and Adam
algorithms. Some of the training algorithms are

• SGD is the gradient descent (with momentum) algorithm
• Adadelta is the optimizer that implements the Adadelta algorithm.
• RMSprop is the optimizer that implements the RMSprop algorithm.
• Adam is the optimizer that implements the Adam algorithm.

The optimizer has a parameter (learning_rate) to set the learning rate. By default, the value is
0.001. Optimizers such as Adadelta, RMSprop and Adam have additional parameters for adaptive
learning rate. Please refer to the official documentation for more information. Let us use the Adam
algorithm.

optimizer = tf.keras.optimizers.Adam(learning_rate=0.002)

The model needs to be compiled before it can be trained. A model is compiled by calling compile
method to specify the loss function and the optimizer (training algorithm). We can specify the list
of metrics to be evaluated by the model during training and testing. In this example, we use the
accuracy metric since the prediction task is binary classification.

model.compile(optimizer=optimizer, loss=loss_fn, metrics=['accuracy'])

We can also specify the parameters using string such as

model.compile(optimizer='adam', loss='binary_crossentropy')

Now, the model is ready to be trained. To train the model, we simply call the fit method. We
pass the training data, specify the maximum epochs, the batch size and the size of the validation
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set. By default, the validation set is not used. Notice that fit method returns a History object
which contains a record of the loss and accuracy values.

history = model.fit(x=X_train_norm, y=y_train, epochs=200,
batch_size=64, validation_split=0.2)

Epoch 1/200
10/10 [==============================] - 1s 26ms/step - loss: 0.6556
- accuracy: 0.6254 - val_loss: 0.6094 - val_accuracy: 0.7230

Epoch 2/200
10/10 [==============================] - 0s 5ms/step - loss: 0.6230
- accuracy: 0.6322 - val_loss: 0.5749 - val_accuracy: 0.7230

...
Epoch 200/200
10/10 [==============================] - 0s 6ms/step - loss: 0.3034
- accuracy: 0.8695 - val_loss: 0.3326 - val_accuracy: 0.8581

History object has history attribute to access the values.

train_loss = history.history['loss']
vald_loss = history.history['val_loss']
train_acc = history.history['accuracy']
vald_acc = history.history['val_accuracy']

We plot the loss and accuracy against the epoch as shown in Figure 11.8.

from matplotlib import pyplot as plt
x = np.arange(1, 201, 1)
plt.figure(figsize=(8,6))
plt.plot(x, train_loss, label='Train Loss')
plt.plot(x, vald_loss, label='Validation Loss')
plt.plot(x, train_acc, label='Train Accuracy')
plt.plot(x, vald_acc, label='Validation Accuracy')
plt.xlabel('Epoch')
plt.legend()

We can see that over the 200 epochs, the training loss and validation loss decrease from 0.65 to 0.30
while the training accuracy and validation accuracy increase from 0.62 to 0.85. This shows that the
model has learned from the data. Also, we can see that the loss value does not reduce significantly
after epoch 75 which indicates that the training has converged.

Let us evaluate the model on the test set. We round the predicted values to obtain the predicted
labels.

y_pred = model.predict(X_test_norm)
y_pred = tf.round(y_pred)

We display the confusion matrix and the classification report.
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Figure 11.8 The training loss and accuracy against epoch.

from sklearn.metrics import accuracy_score, confusion_matrix, classification_report

print(accuracy_score(y_test, y_pred))
print(confusion_matrix(y_test, y_pred))
print(classification_report(y_test, y_pred))

0.8675078864353313
[[195 17]
[ 25 80]]

precision recall f1-score support

0 0.89 0.92 0.90 212
1 0.82 0.76 0.79 105

accuracy 0.87 317
macro avg 0.86 0.84 0.85 317

weighted avg 0.87 0.87 0.87 317

11.7.3 Saving and Loading Models

There are different ways to save the models. We can save the weights of the model only or the
entire model. To save the weights of the model, we use save_weights method. By default, the
method uses the TensorFlow checkpoint format with a .ckpt extension. In this example, we save
the weights in a folder model_weights.

model.save_weights('model_weights/')

To restore the weights, first, we need to define and compile the model and then use load_weights
method to restore the weights.
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model_restore = Sequential()
model_restore.add(tf.keras.layers.Input(shape=(41,)))
model_restore.add(tf.keras.layers.Dense(units=20, activation='relu'))
model_restore.add(tf.keras.layers.Dense(units=1, activation='sigmoid'))
model_restore.compile(optimizer=optimizer, loss=loss_fn, metrics=['accuracy'])
model_restore.load_weights('model_weights/')

We use evaluate method to evaluate the restored model.

loss, acc = model_restore.evaluate(X_test_norm, y_test)

10/10 [==============================] - 0s 1ms/step - loss: 0.3239
- accuracy: 0.8675

To save the entire model, we use save method. By default, TensorFlow save the model in SavedModel
format.

model.save('entire_model/')

Use load_model method to load the saved model.

model_saved = tf.keras.models.load_model('entire_model/')
loss, acc = model_saved.evaluate(X_test_norm, y_test)

10/10 [==============================] - 0s 2ms/step - loss: 0.3239
- accuracy: 0.8675

Exercises
1. Explain the role of the activation functions in neural networks.

2. Explain the use of the loss functions in neural networks.

3. Derive the update equations when the hidden units use tanh. Use the fact that the derivative
of tanh is (1− tanh2).

4. Explain the variants of gradient descent.

5. Consider a neural network with one hidden layer. The activation function of the hidden layer
and output layer is rectified linear unit and sigmoid.
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(a) Calculate the output of the network given weight w(1), w(2) and input data x.

w(1) =
[
−1 3
2 1

]

w(2) =
[

1 −1
−2 1

]
x =

[
1 −1

]
(b) Calculate the gradient if the ground truth (label) y =

[
0 1

]
.

6. A neural network is created for predicting a dataset with 20 features and two classes.

(a) State the number of units of input and output layers. Justify your answer.

(b) State the activation function of the output layer.

(c) State the loss function to train the neural network.

7. A neural network is created for predicting a dataset with 40 features and four classes.

(a) State the number of units of input and output layers. Justify your answer.

(b) State the activation function of the output layer.

(c) State the loss function to train the neural network.



Chapter 12

Regularization for Neural Network

12.1 Introduction
The main problem in machine learning is how to ensure the predictive models perform well not only
on the training set but also on new data. Numerous methods have been introduced to improve
the model generalization. These methods are collectively known as regularization. This chapter
explores various regularization methods for neural networks such as norm penalty, early stopping
and dropout. We discuss the concepts of the regularization methods and how the methods can
applied to neural networks.

12.2 Parameter Norm Penalty
Parameter norm penalty limits the capacity of the model by regularizing the weights of the neural
network. The regularization is performed by adding a penalty term Ω to the loss function as follows:

J(w) = 1
N

N∑
i=1

L(yi, ŷi) + λΩ(w) (12.1)

where λ ∈ [0,∞] is the weight of the penalty term (also known as shrinkage parameter), L(yi, ŷi) is
the standard loss function e.g. mean squared error, negative log-likelihood or other loss functions.
Setting λ to 0 results in no regularization and a large value of λ corresponds to more regularization.
In general, the penalty term penalizes the weights of the neural network from going too large. This
is because, when the training algorithm minimizes J(w), it will minimize both the loss function and
the weights of the neural network. This may cause some of the weights to be close to zero especially
if the shrinkage parameter is set to a large value. As a result, units with weight values close to zero
switch off. This reduces the chance of overfitting because the neural network capacity is reduced.

L2 parameter norm penalty or known as weight decay is one of the most commonly used penalty
terms. This regularization method adds penalty term Ω(w) = 1

2
∑

l∥w(l)∥22 to the objective function.

The derivative of objective function J(w) is

∂J(w)
∂w

(l)
ij

= ∂L(yi, ŷi)
∂w

(l)
ij

+ λw
(l)
ij (12.2)
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The weight update is

w
(l)
ij := w

(l)
ij − α(∂L(yi, ŷi)

∂w
(l)
ij

+ λw
(l)
ij )

:= w
(l)
ij − α

∂L(yi, ŷi)
∂w

(l)
ij

− αλw
(l)
ij

:= w
(l)
ij (1− αλ)− λ

∂L(yi, ŷi)
∂w

(l)
ij

(12.3)

As we can see in equation 12.3, the term w
(l)
ij (1 − αλ) has the effect of decreassing w

(l)
ij with

every update because the weight is multiplied by a factor (1− αλ) which is less than 1 (assuming
0 < αλ < 1). Another parameter norm penalty is L1 parameter norm penalty. This regularization
method adds penalty term Ω(w) = ∑

|w| to the objective function.

The derivative of objective function J(w) is

∂J(w)
∂w

(l)
ij

= ∂L(yi, ŷi)
∂w

(l)
ij

+ λsign(w(l)
ij ) (12.4)

The weight update is

w
(l)
ij := w

(l)
ij − α(∂L(yi, ŷi)

∂w
(l)
ij

+ λsign(w(l)
ij ))

:= w
(l)
ij − αλsign(w(l)

ij )− α
∂L(yi, ŷi)

∂w
(l)
ij

(12.5)

As we can see in equation 12.5, the effect of L1 regularization is different from L2 regularization.
Specifically, the weights are updated based on gradients that are regularized by the constant factor
with a sign equal to sign(w(l)

ij ).

12.3 Early Stopping
When training a neural network, the training loss and validation loss decrease over time. However,
after some time, the validation loss begins to increase indicating the model is overfitting the data.
Early stopping is a method to terminate the training algorithm before the overfitting occurs. The
model is overfitting the data is detected based on the evaluation of the validation set. For each
epoch, after the backpropagation, the validation set is used to evaluate the model performance by
calculating the validation loss or validation accuracy. The performance metric is used to determine
if the model’s performance is improving or not. Every time the performance is improving, we store
a copy of the model’s parameters. When the model performance is not improving and the training
algorithm is terminated, we return the stored parameters. The early stopping algorithm is given as
follows. p is the number of epochs we will wait before the training is terminated if no improvement
is observed. The parameter is known as “patience”. Algorithm 12 shows the pseudocode of the early
stopping.
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Algorithm 12 Early Stopping Algorithm
1: E is maximum epoch
2: Initialize w
3: Initialize p
4: j ← 0
5: v ←∞
6: w∗ ← w
7: for i← 1 to E do
8: update w by performing backpropagation
9: v∗ ← ValidationSetError(w)

10: if v∗ < v then
11: j ← 0
12: w∗ ← w
13: v ← v∗

14: else
15: j ← j + 1
16: end if
17: if j = p then
18: terminate loop
19: end if
20: end for

12.4 Dropout
One of the approaches to improve the accuracy of the prediction is to build several predictive neural
networks and combine the predicted values via averaging. However, training a diverse set of neural
networks is difficult and expensive due to the challenging task of finding the optimal hyperparameters.
Furthermore, neural networks typically require a large number of training instances. Thus, training
several neural networks may not be feasible because there may not be enough data to create different
subsets to train the networks.

Dropout is a regularization method that approximately ensembles multiple neural networks with
different architectures (Srivastava et al. 2014). Dropout works by randomly eliminating a number of
units in a hidden layer during the training of the neural network. The method defines a probability
of a unit being dropped in a layer. For example, if the probability is set to 0.5, all the units in
the layer are dropped at a 0.5 rate. For each weight update, after the instances are loaded into
the mini-batch, a set of units of each layer is randomly sampled to be dropped. The mini-batch is
then loaded to the reduced neural network for forward and backpropagation. This can be seen as
estimating the weights of different network architectures since different sets of units are eliminated
as shown in Figure 12.1. Thus, the randomly dropping out units has the effect of training and
evaluating exponentially many different neural networks. At test time, the resulting neural network
is used without dropout.

Another advantage of dropout is preventing the co-adaptation of units in the neural network
(Geoffrey E Hinton et al. 2012). Co-adaptation occurs when some units are highly dependent on
other units which means when the independent units fail to produce the correct activations, the
dependent units are affected as well, hence the neural network will fail to correctly predict the
inputs. With dropout, no units can be too “powerful” due to the random elimination, thus forcing
all units in the neural network to take part in the prediction.
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Figure 12.1 Different units are randomly dropped for each backpropagation

Let p be the probability of units to be retained. Therefore, the drop rate is 1− p. r is the vector of
Bernoulli whereby each element in the vector has the probability of p of being 1. Note that Bernoulli
variable can take either 0 (failure) or 1 (success) with the probability of being success is p.

r = Bernoulli(p) (12.6)

During training, the forward propagation with dropout is implemented as follows:

ã(l) = r(l) ∗ a(l)

p
(12.7)

z(l+1)
i = w(l)

i ã(l) + w
(l)
i0 (12.8)

a(l+1)
i = g(z(l+1)

i ) (12.9)

where ∗ is the element-wise multiplication, a(l) is the activation of the hidden layer l and ã(l) is
the reduced activation of the hidden layer. The activation of the layer is multiplied element-wise
with the vector of Bernoulli. This causes some of the activations to be zero. The reduced activation
is scaled with 1

p to ensure the expectation of the input to the next layer remains the same. The
reduced activation is then used as input to the next layer. At test time, the forward propagation is
implemented without dropout.

12.5 Batch Normalization
We commonly used mini-batch gradient descent to train neural networks. In mini-batch gradient
descent, the weight update is performed for every mini-batch and each batch may contain data from
different distributions. Furthermore, the distribution of the inputs to each hidden layer may change
after each mini-batch when the weights are updated. This could slow down the training process
because each layer needs to adapt to the new distribution.

Batch normalization is a regularization method that incorporates normalization into the model
architecture (Ioffe and Szegedy 2015). Specifically, the method allows each layer to perform
normalization on the layer’s output for each mini-batch. The layer normalization has the effect of
stabilizing and speed up the training process. Let zi denotes the summation of the weighted inputs
of unit i of a hidden layer. We calculate the mean of zi over the mini-batch.

z̄i =
M∑

m=1
zm

i (12.10)
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where M is the number of instances in the mini-batch. The variance of the mini-batch is

σ2
i = 1

M

M∑
m=1

(zm
i − z̄i) (12.11)

The normalization is given as follows:

źm
i = zm

i − z̄i√
σ2

i + ϵ
(12.12)

z̃m
i = γiź

m
i + βi (12.13)

where ϵ is a small constant for computation stability, and γ and β are trainable parameters to
provide flexibility to the layer to adjust the distribution of the activations. The parameters are
estimated during training. Batch normalization can be applied before or after the non-linearity
(activation function). Note that the authors applied the normalization before non-linearity.

12.6 Implementing Regularization for Neural Network
In this section, we will be implementing the regularization methods to improve the generalization of
neural network. We will be using the same dataset as in the previous chapter, QSAR dataset. The
prediction task is to classify the data into ready biodegradable and not ready biodegradable. Now,
let us load a dataset, build and train the neural network.

import pandas as pd
import tensorflow as tf
import wget
from zipfile import ZipFile
from sklearn.model_selection import train_test_split
from sklearn.preprocessing import MinMaxScaler
from sklearn.preprocessing import LabelEncoder

data_url = 'https://archive.ics.uci.edu/ml/machine-learning-databases/
00254/biodeg.csv'
wget.download(data_url)
data_df = pd.read_csv('biodeg.csv', sep=';', header=None)
dataset = data_df.values
y = dataset[:,-1]
X = dataset[:,:-1]
X_train, X_test, y_train, y_test = train_test_split(X, y, test_size=0.3,

random_state=10)
scaler = MinMaxScaler()
X_train_norm = scaler.fit_transform(X_train)
X_test_norm = scaler.transform(X_test)

enc = LabelEncoder()
y_train = enc.fit_transform(y_train)
y_test = enc.transform(y_test)
y_train_1hot = tf.one_hot(y_train, depth=2)
y_test_1hot = tf.one_hot(y_test, depth=2)

In the previous chapter, the model is built using Sequential module. Although Sequential module
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is convenient, the module cannot be used to build a neural network with complex architecture.
TensorFlow provides the functional API to build models that are more flexible than the Sequential
module. We will be building a neural network with an architecture given in Figure 12.2.

Figure 12.2 The model’s architecture

Before we build the model, we describe the implementation of norm penalty regularization. The
norm penalty is implemented by specifying parameter kernel_regularizer of Dense module. First,
we import L2 module from tensorflow.keras.regularizers and create the object of L2.

from tensorflow.keras.regularizers import L2
l2_regularizer = L2(l2=0.01)

Now let us build the neural network. First, we need to create an Input object for the input layer.
Next we create a Dense object for the hidden layer with the L2 object. Also, we apply batch
normalization to the hidden layer. Then, we use Concatenate module to concatenate the input and
the output of the hidden layer. Finally, we create a Dense object for the output layer.

from tensorflow.keras.layers import Input, Dense, Concatenate, BatchNormalization
inputs = Input(shape=(41,))
hidden = Dense(units=20, activation='relu',

kernel_regularizer=l2_regularizer)(inputs)
batchnorm = BatchNormalization()(hidden)
concat = Concatenate()([inputs, batchnorm])
outputs = Dense(units=1, activation='sigmoid')(concat)

Dropout regularization can be implemented by importing Dropout from tensorflow.keras.layers.
To implement dropout, we apply it after the layer. The following codes build a neural network with
dropout regularization applies to the hidden layer.

from tensorflow.keras.layers import Dropout
...
hidden = Dense(units=20, activation='relu',

kernel_regularizer=l2_regularizer)(inputs)
dropout = Dropout(rate=0.3)(hidden)
concat = Concatenate()([inputs, dropout])
...

Once the layers have been defined, we create the model by specifying which the inputs and the
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outputs.

from tensorflow.keras.models import Model
model = Model(inputs=inputs, outputs=outputs)
model.compile(optimizer='adam', loss='binary_crossentropy',

metrics=['accuracy'])

The fit method accepts a callbacks argument that lets us specify a list of actions to be performed
at various stages of training i.e. at the start or end of each epoch. For example, the early
stopping is implemented as a callback when the model is fitted with the training set. Furthermore,
ModelCheckpoint callback is also implemented to save the weights at regular intervals during the
training.

We describe some of the parameters of the callbacks. The complete description can be found at the
official documentation. EarlyStopping callback has several parameters to be set e.g. monitor and
patience. monitor is used to define the metric to be monitored during the training and patience
is the number of epochs with no improvement after which training will be stopped.

The parameters of ModelCheckpoint callback are filepath, monitor and save_weights_only.
filepath is the path to save the model, monitor is used to define the metric to be monitored during
the training and save_weights_only is used to specify whether the model’s weights will be saved
or the full model is saved.

from tensorflow.keras.callbacks import EarlyStopping, ModelCheckpoint
train_callbacks = [EarlyStopping(monitor='val_loss', patience=10),

ModelCheckpoint(filepath='checkpoints/', monitor='val_loss',
save_weights_only=True)]

history = model.fit(x=X_train_norm, y=y_train, epochs=200, batch_size=64,
validation_split=0.2, callbacks=train_callbacks)

We get the training and accuracy values from History.

train_loss = history.history['loss']
vald_loss = history.history['val_loss']
train_acc = history.history['accuracy']
vald_acc = history.history['val_accuracy']

We plot the training and accuracy against epoch as shown in Figure 12.3.

from matplotlib import pyplot as plt
import numpy as np
x = np.arange(1, len(train_loss)+1, 1)
plt.figure(figsize=(8,6))
plt.plot(x, train_loss, label='Train Loss')
plt.plot(x, vald_loss, label='Validation Loss')
plt.plot(x, train_acc, label='Train Accuracy')
plt.plot(x, vald_acc, label='Validation Accuracy')
plt.xlabel('Epoch')
plt.legend()

Load the model weights that are considered the best.
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Figure 12.3 The training loss and accuracy against epoch

model.load_weights('checkpoints/')

We evaluate the model on the test set.

y_pred = model.predict(X_test_norm)
y_pred = tf.round(y_pred)

We display the confusion matrix and the classification report.

from sklearn.metrics import accuracy_score, confusion_matrix, classification_report
print(accuracy_score(y_test, y_pred))
print(confusion_matrix(y_test, y_pred))
print(classification_report(y_test, y_pred))

0.8832807570977917
[[198 14]
[ 23 82]]

precision recall f1-score support

0 0.90 0.93 0.91 212
1 0.85 0.78 0.82 105

accuracy 0.88 317
macro avg 0.88 0.86 0.87 317

weighted avg 0.88 0.88 0.88 317

The model performed well in classifying the classes, achieving an F-score of above 0.80 for both
classes. The accuracy of the model is 0.88.

12.7 Using TensorBoard for Visualization
TensorBoard is an interactive visualization tool which can be used to visualize the training metrics
such as loss and accuracy and the model’s computation graph. TensorBoard is automatically
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installed when TensorFlow is installed. First, let us define the folder to store the training log data.

import datetime
log_dir = "logs/fit/" + datetime.datetime.now().strftime("%Y%m%d-%H%M%S")

Navigate to the folder where logs is located. Start TensorBoard using tensorboard command.

tensorboard --logdir logs/fit

Then, open localhost URL (http://localhost:6006/) in a web browser as shown in Figure 12.4.
TensorBoard can be loaded in Jupyter Notebook. Load the TensorBoard notebook extension. Then,
start TensorBoard within a notebook experience with %tensorboard command.

%load_ext tensorboard
%tensorboard --logdir logs/fit

Figure 12.4 An example of TensorBoard dashboard

A brief overview of the dashboards is shown above. The Scalars dashboard shows how the loss
and metrics change with every epoch. We can use Scalars to track training speed, learning rate
and other scalar values. The Graph dashboard visualizes the model’s computation graph. We can
use Graph can be used to help to ensure the model is built correctly. The Distributions and
Histograms dashboards show the distribution of a Tensor over time which can be used to visualize
and verify weights and biases changing as expected. Let us define the folder to store the log data.

To use TensorBoard, we add TensorBoard callback to create and store the training logs.

from tensorflow.keras.callbacks import TensorBoard
train_callbacks = [EarlyStopping(monitor='val_loss', patience=10),

ModelCheckpoint(filepath='checkpoints/', monitor='val_loss',
save_weights_only=True),

TensorBoard(log_dir=log_dir, histogram_freq=1)]

Train the model on the training data.
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inputs = Input(shape=(41,))
hidden = Dense(units=20, activation='relu',

kernel_regularizer=l2_regularizer)(inputs)
batchnorm = BatchNormalization()(hidden)
concat = Concatenate()([inputs, batchnorm])
outputs = Dense(units=1, activation='sigmoid')(concat)
model = Model(inputs=inputs, outputs=outputs)
model.compile(optimizer='adam', loss='binary_crossentropy',

metrics=['accuracy'])
history = model.fit(x=X_train_norm, y=y_train, epochs=200, batch_size=64,

validation_split=0.2, callbacks=train_callbacks)

On the TensorBoard dashboard, click the refresh button to reload the dashboard. Choose Scalar
from the dropdown menu or click Scalar button to show the training and validation loss and
accuracy. Click Graph to show the model’s computation graph. Figures 12.5 and 12.6 show Scalar
and Graph dashboards.

Figure 12.5 Scalar dashboard shows the training and validation loss and accuracy

Figure 12.6 Graphs dashboard shows the model’s computation graph

Exercises
1. Explain parameter norm penalty regularization.
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2. Explain the role of λ in parameter norm penalty regularization.

3. Explain how does early stopping work as a form of regularization.

4. Explain the role of patience parameter in early stopping.

5. Explain dropout as a regularization technique in neural networks.

6. Explain concept behind batch normalization as a regularization strategy.



Chapter 13

Convolutional Neural Network

13.1 Introduction
Unstructured data such as images and time series contain rich information both in spatial and
temporal domains. Take image data as an example, the spatial structure of the pixels defines the
visual information of the data. Figure 13.1 illustrates an image with 7 rows and 6 columns of pixels.
The black and white pixels are arranged to form a digit of 5. As has been described in section 2.2,
to predict image data using machine learning algorithms, the 2-d input is transformed into a 1-d
feature vector consisting of the pixel values. Specifically, a single pixel represents an input to the
predictive model, which means the number of inputs is equal to the number of pixels.

Figure 13.1 An image with 7 rows and 6 columns of black and white pixels

Although this approach seems feasible, the input data is noisy and high-dimensional, and increases
the model complexity. For example, in a fully connected neural network, each unit in a layer is
connected to each unit in the subsequent layer. By defining such a neural network, the number
of weights will be tremendously high because we need a different weight for every single neural
connection. Consider a black and white image of 100 × 100 being classified by a neural network
as shown in Figure 13.2. The 2-d image data is flattened into a feature vector of size 10000. If
there are 10000 units in the hidden layer, there will be 100 million neural connections between the
input and hidden layers whereby each connection is having different weight parameter. Furthermore,
since the 2-d input data is flattened into a 1-d vector, all spatial information is completely lost and
cannot be leveraged by the neural network.

As we mentioned above, image data has rich spatial information which could be used in the prediction
task. How do we leverage this information in the neural network? To leverage the spatial information,
instead of taking all the pixels for processing, we define a small region of the image and process
the pixels in that region. Consider an image as a 2-d array of pixel values where each pixel value
is an input unit of the neural network as shown in Figure 13.3. A small region or called filter is
defined, in this case, 3× 3 pixels as indicated by the blue square. We connect the input pixels in
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Figure 13.2 The spatial information is lost due to flattening and the number of input units of the neural
network is equal to the number of pixels

the region to a single unit of the hidden layer. Similarly, each connection has a weight that defines
the strength of the connection. Thus, essentially, the filter is a set of weights that are learned using
the backpropagation algorithm.

We define the same neural connections across the whole input pixels as shown in the figure. To do
this, the window is slid across the whole input image from the left edge to the right edge, followed
by sliding the window downward until it reaches the bottom right corner of the image. In this way,
the units of the hidden layer only see a particular region of the image which allows the network to
extract features or details from the spatially closed pixels. Furthermore, the number of weights is
reduced significantly since the units of the hidden layer are connected to only a fraction of the input
pixels. Also, since the weights are shared across the input image, features that matter in one part
of the image can be extracted by the filter in another part of the image. This filter operation is
called convolution.

Figure 13.3 Patches of input pixels are connected to the units of the hidden layer

13.2 Feature Extraction and Convolution
Figure 13.4 demonstrates the motivation of feature extraction and how the features can be extracted
by the convolution operation. The figure shows two images of a digit of five. The image on the
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right contains noises, hence the digit is a bit distorted or deformed. If we are to classify the image
by performing a pixel-by-pixel comparison, the right image will be misclassified. A better way to
classify the images is to identify the features of a digit of five. A feature is a specific part of the
image with a certain pattern that characterizes a particular object, which can be used to identify an
object. For example, the features of a digit of five are indicated by the red boxes. Feature 1 and
feature 2 characterize the corners while feature 3 characterizes the horizontal line of the digit. If
these features can be detected on the deformed image roughly at the same location, we can conclude
that the image is indeed a digit of five.

Figure 13.4 The features of the image are indicated by the red regions

Figure 13.5 illustrates an example of applying convolution on a 2-d input image. Convolution
operation involves applying element-wise multiplication between the values of the filter and the
pixel values of the small region, followed by taking the summation of the multiplications. As shown
in the figure, the red boxes indicates the first convolution operation involving the filter and the
region containing pixel a, b, e and f. The convolution operation on the input image produces an
output of 2 × 3. The output of the convolution is known as feature map.

Figure 13.5 Convolution operation involving a filter of 2 × 2 and an image of 3 × 4. The output of the
feature map indicated by the red box is produced by applying the filter to the corresponding top left region
of the input image.

The feature map indicates wherein the input image, the feature has been detected by the filter
i.e. high values of the feature map represent greater activation or detected features. By simply
changing the weights of the filter, different feature maps can be produced as shown in Figure 13.6.
As can be seen in the figure, three different filters have been applied to the original image on the
left generating three different outputs.
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Figure 13.6 The original image on the left is applied with three different filters. The first two images are
applied with two different edge detection filters and the last image is sharpened with the sharpen filter.

13.3 Convolutional Neural Network
We have seen how convolution operation capitalizes spatial structure that is inherent in image data
to detect and extract local features. This concept of preserving the spatial structure and feature
extraction is at the core of convolutional neural networks (CNN). A CNN minimally consists of a
convolutional layer, a pooling layer and a fully connected layer (Skansi 2018). The convolutional layer
aims to extract discriminative local features directly from the image data. To extract the optimal
features for the prediction, the weights of the filters are optimized during the backpropagation
phase.

The purpose of the pooling layer is to downsample the size of the feature map to reduce the
computational cost. Furthermore, a pooling layer suppresses the irrelevant information in the feature
map to improve the performance of the prediction. We will discuss pooling layers in the following
section. Lastly, the fully connected layer is the traditional neural network layer where each unit is
connected to the units of the subsequent layer. The multi-dimensional feature maps are flattened
into a 1-d feature vector which will be used as the input layer to the fully connected layer(s) for
classification or regression.

Typically, a CNN has a series of alternating convolutional and pooling layers before the fully
connected layers. The subsequent convolutional and pooling layers take the feature map previously
generated by the convolutional and pooling layer as input and perform convolution operations
to produce a feature map which in turn is reduced by the pooling operations. This allows the
network to learn the features in a hierarchical manner, producing more salient features (Y. LeCun,
Bengio, and G. Hinton 2015). Figure 13.7 illustrates an example of a CNN network consisting of
two convolutional layers and two pooling layers in between, followed by two fully connected layers.

Figure 13.7 A CNN consists of convolutional, pooling and fully connected layers
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13.4 Convolutional Layer
A CNN consists of convolutional, pooling and fully connected layers. Let l be the l-th layer where
l = 1 is the first layer and L is the last layer. A convolutional layer consists of a set of different
filters to extract different types of features as shown in Figure 13.8. Let K ∈ Rk1×k2×C×D denotes
the set of filters where k1 and k2 represent the height and width of the filters, C is the number of
input channels and D is the number of filters or the depth of the feature maps (number of feature
maps).

Figure 13.8 A convolutional layer with different filters to produce different feature maps

Given an input image with C = 1 channel (grayscale image) and a filter w of size k1 × k2, the
convolution operation produces feature map d as follows:

z
(l+1)
i,j,d =

k1∑
m=0

k2∑
n=0

w
(l)
m,n,d · a

(l)
i+m,j+n,d (13.1)

a
(l+1)
i,j,d = g(z(l+1)

i,j,d ) (13.2)

(13.3)

where b is the bias, zi,j,d is the output of feature map d with i-th row and j-th column, g is an
activation function applied to each output of the feature map.

In the case of color images with C = 3 channels, each channel has a filter of the same size but with a
different set of weights as shown in Figure 13.9. The convolution operation is applied independently
to each of the channels, yielding three sets of outputs which are summed to produce a single feature
map. The convolution operation is defined as follows:

z
(l+1)
i,j,d =

k1∑
m=1

k2∑
n=1

C∑
c=1

w
(l)
m,n,c,d · a

(l)
i+m,j+n,c + b (13.4)

Based on the above definition, the size of the feature maps is determined by the filter size. Another
parameter that affects the size of the feature map is the stride which is the number of pixels that
the filter is shifted (slid) over the input along the width and height. Typically, the stride is set to
1. However, we can set stride to a larger value which results in a feature map with a smaller size.
Consider a 9 × 9 input image convolved with 3 × 3 filter. The convolution operation with stride



Machine Learning and Deep Learning with Python 203

Figure 13.9 Applying convolution on multi-channel input produces a feature map

values of 1 and 2 produces feature maps of size 7 × 7 and 4 × 4, respectively, as shown in Figures
13.10(a) and 13.10(b).

We see that applying convolution operation with 3 × 3 filter and stride equals 1 to the 9 × 9
input image results in a feature map with the size of 7 × 7, a reduction of about 40% of the total
input pixels. The sliding window from the top left corner to the bottom right corner results in
not only a reduced feature map but also the corner and edge pixels of the input image having a
minimal contribution to the output of the convolution operation. This is because the pixels are
processed much less than those in the middle. As shown in Figure 13.10(a), pixel ‘a’ is used only
in one convolution operation while pixel ‘b’ is used in nine convolution operations. Evidently, the
information at the edges is not preserved as well as the information in the middle of the input image.

A solution to the problem is to pad the input image with extra zero pixels around its boundary. The
padding allows the corner and edge pixels to be the middle pixels, thus increasing their contribution
to the output of the convolution operation and consequently preserving the information at the edges
of the input image. Furthermore, it produces a feature map with the same size as the input image
(before the zero padding). Consider a 9 × 9 input image is padded with zero pixels as shown in
Figure 13.11. As shown in the figure, there is one-pixel border which means the amount of zero
padding is one. A filter of 3 × 3 with a stride equal to 1 is applied to the input image resulting in a
feature map with a size of 9 × 9.

13.5 Pooling Layer
While the role of a convolutional layer is to extract features from the input data, the role of a pooling
layer is to reduce the size of the feature maps by mapping patches of activations to a single activation
value. The pooling operation works by defining a window that is similar to a filter and applying it to
the feature map along both width and height. For each window, the pooling operation summarizes
the presence of the feature values in the window. There are pooling operations which are computing
the maximum values and averaging the values in the window. The maximum pooling returns the
most prominent activation while the average pooling returns the average of the activations in the
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(a)

(b)

Figure 13.10 Convolution with stride equal to 1 and 2, producing feature maps of (a) 7 × 7 and (b) 4 × 4
respectively

window. In general, maximum pooling (or max-pooling) is the most commonly used in CNN.

Typically, the window size or pool size is 2 × 2 with a stride equals 2 which means the window
is not overlapping when it is slid from left to right and from top to bottom, reducing 75% of the
activations of the feature map. Unlike convolutional layers, pooling layers operate independently
on every slice of the feature maps which means a convolutional layer only spatially resizes while
keeping the depth of the feature maps. Figure 13.12 shows a 4 × 4 feature map is reduced with a
pool size of 2 × 2 and a stride of 2 using maximum and average pooling operations, producing a 2
× 2 feature map.

The use of pooling layers has several advantages. First, the dimension of the feature representation
can be reduced, consequently reducing the computation time and the weights of the neural network.
Secondly, a feature map contains the detected features and their positions in the input image. A slight

Figure 13.11 The boundary of the input image is padded with extra zero pixels
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change to the positions of the features in the input image results in a different feature map. Pooling
layers discard the positions of the detected features and keep only the prominent features, thereby
producing translation invariance features that are more robust and reliable (Goodfellow, Bengio,
and Courville 2017). In CNN, the convolutional layer and pooling layer are stacked alternately to
extract and downsample features in a hierarchical manner. However, in a very deep neural network,
the number of pooling layers is relatively lesser than the number of convolutional layers because the
pooling operation can drastically reduce the size of the feature map. Thus, fewer pooling layers are
required to reduce the feature map to the desired size.

Figure 13.12 Maximum pooling returns the maximum activations while average pooling returns the average
of the activations in the window

13.6 Fully Connected Layer
In a CNN, the series of convolutional and pooling layers is known as feature learning pipeline,
which is used to learn the feature representation. The feature learning pipeline is followed by a
series of fully connected layers for prediction. Typically, the last feature maps that are produced
by the feature learning pipeline are flattened to a 1-d feature vector. The feature vector is then
used as input to the fully connected layers by connecting each feature (activation) to each unit of
the first hidden layer. These fully connected layers works exactly the same way as the traditional
neural networks. One might apply the ReLU, sigmoid or tanh after each hidden layer. As for the
output layer, the number of units and activation function depends on the specific requirements of
the application. It is noteworthy that the fully connected layers are densely connected, thus the
majority of the weights of the network lie in these layers. Although there is no recommended size
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for the last feature maps, one might want to go as low as possible to reduce the overall number of
weights.

13.7 Implementing Convolutional Neural Networks
In this section, we will be implementing CNN using TensorFlow. We will be using the flowers dataset.
The flowers dataset consists of images of flowers with 5 possible class labels. Thus, the prediction
task is a multiclass classification whereby to classify into Dandelion, Daisy, Tulips, Sunflowers
and Roses. Now, let us download the dataset. We download the dataset using a utility function
called get_file. The function needs three parameters origin, fname and untar. origin is used
to specify the URL of the dataset, fname is used to specify the folder of the dataset and untar is
used to extract the downloaded file. We import pathlib a module that can be used to represent
the filesystem paths.

import tensorflow as tf
import pathlib
dataset_url = "https://storage.googleapis.com/download.tensorflow.org/
example_images/flower_photos.tgz"
data_dir = tf.keras.utils.get_file(origin=dataset_url,

fname='flower_photos',
untar=True)

data_dir = pathlib.Path(data_dir)

The flowers dataset contains five sub-folders, one per class.

flowers_photos/
|_daisy/
|_dandelion/
|_roses/
|_sunflowers/
|_tulips/

The dataset is located in the following folder.

print(data_dir)

C:\Users\trainer\.keras\datasets\flower_photos

TensorFlow provide image_dataset_from_directory to create the Dataset. The function has
several parameters which can be set.

• directory is directory where the data is located.
• labels is either 'inferred', None or a list/tuple of integer labels of the same size as the

number of image files found in the directory. If 'inferred', labels are generated from the
directory structure. If None, there are no labels. The default value is 'inferred'.

• label_mode describes the encoding of labels. The value is either 'int', 'categorical', 'binary'
or None. 'int'means that the labels are encoded as integers, 'categorical' means that the
labels are encoded as a categorical vector, 'binary' means that the labels are either 0 or 1
and None means no labels. By default the value is 'int'.

• batch_size is the batch size of the data. By default, the value is 32.
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• image_size is the size to resize images to after they are read from disk. The default size is
(256, 256).

• validation_split is the fraction of data to reserve for validation. By default, the value is
None.

• subset is the subset of the data to return. The value is either 'training', 'validation' or
'both'. Only used if validation_split is set.

• shuffle is either True or False. The default is True which is to shuffle the data.

We use the function to split the dataset into training and validation sets. We define the parameters
as follows:

batch_size = 32
img_height = 108
img_width = 150
img_size = (img_height, img_width)
vald_split = 0.3

First, we create the training set.

train_data = tf.keras.utils.image_dataset_from_directory(
directory=data_dir, batch_size=batch_size, image_size=img_size,
validation_split=vald_split, subset='training', shuffle=True, seed=0

)

Found 3670 files belonging to 5 classes.
Using 2569 files for training.

Then, we create the validation set.

vald_data = tf.keras.utils.image_dataset_from_directory(
directory=data_dir, batch_size=batch_size, image_size=img_size,
validation_split=vald_split, subset='validation', shuffle=True, seed=0

)

Found 3670 files belonging to 5 classes.
Using 1101 files for validation.

The dataset has five different classes.

class_names = train_data.class_names
print(class_names)

['daisy', 'dandelion', 'roses', 'sunflowers', 'tulips']

Let us visualize some of the images in the training set. The output is shown in Figure 13.13
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from matplotlib import pyplot as plt
for images, labels in train_data.take(1):

for i in range(9):
ax = plt.subplot(3, 3, i + 1)
plt.imshow(images[i].numpy().astype("uint8"))
plt.title(class_names[labels[i]])
plt.axis("off")

Figure 13.13 Some of the images in flowers dataset

Now, let us build the CNN. We will be using the Subclassing API to build the model. Model
Subclassing is fully-customizable and enables us to implement custom network architecture and
forward pass of the model. To use Subclassing, we need to subclass the Model class and implement
the constructor (__init__) and call method. In the constructor, we define the layers that we use
to perform the computations in call method. Notice that we do not need to create the input layer.
Unlike Functional API, we can implement prety much anything in call method such as looping,
if else and any low-level Tensor operations. This allows us to create a complex non-linear model to
experiment with.
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from tensorflow.keras.models import Model
from tensorflow.keras.layers import Rescaling, Dense
from tensorflow.keras.layers import Conv2D, MaxPool2D, Flatten

class CNN_Model(Model):
def __init__(self):

super(CNN_Model, self).__init__()
self.rescale = Rescaling(1./255)
self.conv1 = Conv2D(filters=8, kernel_size=(3,3),

padding='same', activation='relu')
self.pool1 = MaxPool2D(pool_size=(2,2))
self.conv2 = Conv2D(filters=16, kernel_size=(3,3),

padding='same', activation='relu')
self.pool2 = MaxPool2D(pool_size=(2,2))
self.conv3 = Conv2D(filters=32, kernel_size=(3,3),

padding='same', activation='relu')
self.pool3 = MaxPool2D(pool_size=(2,2))
self.conv4 = Conv2D(filters=64, kernel_size=(3,3),

padding='same', activation='relu')
self.pool4 = MaxPool2D(pool_size=(2,2))
self.conv5 = Conv2D(filters=128, kernel_size=(3,3),

padding='same', activation='relu')
self.pool5 = MaxPool2D(pool_size=(2,2))
self.flatten = Flatten()
self.dense1 = Dense(units=128, activation='relu')
self.dense2 = Dense(units=64, activation='relu')
self.dense3 = Dense(units=5, activation='softmax')

def call(self, x):
x = self.rescale(x)
x = self.conv1(x)
x = self.pool1(x)
x = self.conv2(x)
x = self.pool2(x)
x = self.conv3(x)
x = self.pool3(x)
x = self.conv4(x)
x = self.pool4(x)
x = self.conv5(x)
x = self.pool5(x)
x = self.flatten(x)
x = self.dense1(x)
x = self.dense2(x)
out = self.dense3(x)
return out

We create an object of CNN_Model and use build method to specify the shape of the input. The
input shape is (None, img_height, img_width, channel).

model = CNN_Model()
model.build(input_shape=(None,) + img_size + (3,))
model.summary()
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Model: "cnn__model"
_________________________________________________________________
Layer (type) Output Shape Param #

=================================================================
rescaling (Rescaling) multiple 0

conv2d (Conv2D) multiple 224

max_pooling2d (MaxPooling2D) multiple 0

conv2d_1 (Conv2D) multiple 1168

max_pooling2d_1 (MaxPooling2D) multiple 0

conv2d_2 (Conv2D) multiple 4640

max_pooling2d_2 (MaxPooling2D multiple 0

conv2d_3 (Conv2D) multiple 18496

max_pooling2d_3 (MaxPooling2D multiple 0

conv2d_4 (Conv2D) multiple 73856

max_pooling2d_4 (MaxPooling2D multiple 0

flatten (Flatten) multiple 0

dense (Dense) multiple 196736

dense_1 (Dense) multiple 8256

dense_2 (Dense) multiple 325

=================================================================
Total params: 303,701
Trainable params: 303,701
Non-trainable params: 0im}

Notice that summary shows the layers without the shape of the output. This is because the forward
pass is hidden in call method. Thus, it will be more difficult to analyze the model architecture
especially if the network is large and complex.

TensorFlow provides two cross entropy loss function for multiclass classification:
CategoricalCrossentropy and SparseCategoricalCrossentropy. CategoricalCrossentropy
expects the labels in a one-hot representation. If the labels are provided as integers, use
SparseCategoricalCrossentropy. Since our labels are integers, we use
SparseCategoricalCrossentropy. Then, we compile the model by specifying the optimizer, the
loss function and the metrics.
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loss_fn = tf.keras.losses.SparseCategoricalCrossentropy()
optimizer = tf.keras.optimizers.Adam()
model.compile(optimizer=optimizer, loss=loss_fn, metrics=['accuracy'])

We train the model using the training set.

from tensorflow.keras.callbacks import EarlyStopping, ModelCheckpoint
train_callbacks = [EarlyStopping(patience=10, monitor='val_loss'),

ModelCheckpoint(filepath='checkpoints/', monitor='val_loss',
save_weights_only=True)]

model.fit(train_data, validation_data=vald_data, epochs=100, callbacks=train_callbacks)

13.8 Creating Custom Layers
TensorFlow provides many common layers for building a deep learning model. But in some cases,
we might need to define our own application-specific layers or a block of layers in sequence. Layer
module give us the flexibility to build a custom layer which can be used in Model.

For example, let us build a custom layer consisting of two convolution layers followed by a max-pooling
layer. We need to import Layer module and subclass the module.

from tensorflow.keras.layers import Layer

Let us define the layer. The constructor accepts nine parameters which are the number of filters,
kernel size, strides, padding of the convolutional layers and the pooling size of the max-pooling
layer.

class DoubleConv(Layer):
def __init__(self, n_filters1, n_filters2, k1, k2, s1, s2, pad1, pad2, pool_size):

super(DoubleConv, self).__init__()
self.conv1 = Conv2D(filters=n_filters1, kernel_size=(k1,k1),

strides=(s1,s1), padding=pad1,
activation='relu')

self.conv2 = Conv2D(filters=n_filters2, kernel_size=(k2,k2),
strides=(s2,s2), padding=pad2,
activation='relu')

self.max_pool = MaxPool2D(pool_size=(pool_size,pool_size))

def call(self, x):
x = self.conv1(x)
x = self.conv2(x)
x = self.max_pool(x)
return x

Now, let us use the custom layer in the CNN model.
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class CNN_Model_2(Model):
def __init__(self):

super(CNN_Model_2, self).__init__()
self.rescale = Rescaling(1./255)

self.double_conv1 = DoubleConv(n_filters1=8, n_filters2=8, k1=1, k2=3,
s1=1, s2=1, pad1='same', pad2='same',
pool_size=2)

self.double_conv2 = DoubleConv(n_filters1=16, n_filters2=16, k1=1, k2=3,
s1=1, s2=1, pad1='same', pad2='same',
pool_size=2)

self.double_conv3 = DoubleConv(n_filters1=32, n_filters2=32, k1=1, k2=3,
s1=1, s2=1, pad1='same', pad2='same',
pool_size=2)

self.double_conv4 = DoubleConv(n_filters1=64, n_filters2=64, k1=1, k2=3,
s1=1, s2=1, pad1='same', pad2='same',
pool_size=2)

self.double_conv5 = DoubleConv(n_filters1=128, n_filters2=128, k1=1, k2=3,
s1=1, s2=1, pad1='same', pad2='same',
pool_size=2)

self.flatten = Flatten()
self.dense1 = Dense(units=128, activation='relu')
self.dense2 = Dense(units=64, activation='relu')
self.dense3 = Dense(units=5, activation='softmax')

def call(self, x):
x = self.rescale(x)
x = self.double_conv1(x)
x = self.double_conv2(x)
x = self.double_conv3(x)
x = self.double_conv4(x)
x = self.double_conv5(x)
x = self.flatten(x)
x = self.dense1(x)
x = self.dense2(x)
out = self.dense3(x)
return out

13.9 Creating Input Pipelines
image_dataset_from_directory allows the dataset to be split into training and validation sets.
However, there is no option to create the test set. To create the test set, we need to manually
create a separate folder for test and load the data using the function. TensorFlow provides a module
tensorflow.data.Dataset which allows for finer-grain control over the input pipeline. First, we
get all the path to the image files. glob method looks for files matching the given pattern.

data_path = list(data_dir.glob('*/*.jpg'))

Let us import Dataset from tensorflow.data. We create Dataset object and specify the source
of the data i.e. the path of the data folder. Dataset object contains all the paths to the images.
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from tensorflow.data import Dataset
list_ds = tf.data.Dataset.list_files(str(data_dir/'*/*'), shuffle=True, seed=0)

We can take five paths and display them. The output shows the path to the files.

for f in list_ds.take(5):
print(f)

The dataset is structured as shown in Figure 13.14.

Figure 13.14 The folder structure of the dataset

We get the class names from the tree structure of the files.

import numpy as np
class_names = []
folder_path = data_dir.glob('*')
for path in folder_path:

if path.is_dir():
class_names.append(path.name)

print(class_names)

['daisy', 'dandelion', 'roses', 'sunflowers', 'tulips']

We split the dataset into training and validation sets. The dataset has 3670 images.

data_count = len(data_path)
print(data_count)

3670

We put aside 10% and 20% of the dataset as the validation set and test set respectively.
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vald_size = int(data_count * 0.1)
test_size = int(data_count * 0.2)
train_size = data_count - (vald_size + test_size)
print(train_size)
print(vald_size)
print(test_size)

2569
367
734

We split the dataset using skip and take methods. skip method creates a subset that skips N
elements of the dataset. take method creates a subset by retrieving N elements from the dataset.
First, we create the test set by skipping data_count-test_size elements of the dataset. The
skipped elements are allocated for training and validation sets.

test_ds = list_ds.skip(data_count-test_size)
train_vald_ds = list_ds.take(data_count-test_size)

Using train_vald_set, we create the validation set by skipping train_size elements and skipped
elements are for training set.

vald_ds = train_vald_ds.skip(train_size)
train_ds = train_vald_ds.take(train_size)
print(len(train_ds))
print(len(vald_ds))
print(len(test_ds))

2569
367
734

Next, we create functions to convert file path (in dataset) to (image, label) pair. The first
function is to get the label from the file path. The first line splits the path into path components.
The second line takes the directory name (class name) and converts it to one-hot form. The next
function reads the image file, decodes the image and resizes it to the desired size. The last function
uses get_label and decode_img functions to create the (image, label) pair.
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import os
def get_label(file_path):

parts = tf.strings.split(file_path, os.path.sep)
one_hot = parts[-2] == class_names
return tf.argmax(one_hot)

def decode_img(file_path):
img = tf.io.read_file(file_path)
img = tf.io.decode_jpeg(img, channels=3)
return tf.image.resize(img, [img_height, img_width])

def process_path(file_path):
label = get_label(file_path)
img = decode_img(file_path)
return img, label

We use map method of Dataset to create a dataset of (image,label) pairs.

train_ds = train_ds.map(process_path, num_parallel_calls=tf.data.AUTOTUNE)
vald_ds = vald_ds.map(process_path, num_parallel_calls=tf.data.AUTOTUNE)
test_ds = test_ds.map(process_path, num_parallel_calls=tf.data.AUTOTUNE)

Now, if we take sample(s) from the dataset, we will get the data and its label (X,y).

for image, label in train_ds.take(1):
print("Image shape: ", image.numpy().shape)
print("Label: ", label.numpy())

Image shape: (108, 150, 3)
Label: 2

We configure the dataset i.e. shuffle the samples and set the batch size.

def configure_dataset(ds, batch_size):
ds = ds.cache()
ds = ds.shuffle(buffer_size=30)
ds = ds.batch(batch_size, drop_remainder=True)
ds = ds.prefetch(buffer_size=tf.data.AUTOTUNE)
return ds

train_ds = configure_dataset(train_ds, 32)
vald_ds = configure_dataset(vald_ds, 32)
test_ds = configure_dataset(test_ds, 32)

We build the CNN model.

model = CNN_Model()
model.build(input_shape=(None,) + img_size + (3,))

We define the optimizer and the loss function and compile the model.
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loss_fn = tf.keras.losses.SparseCategoricalCrossentropy()
optimizer = tf.keras.optimizers.Adam()
model.compile(optimizer=optimizer, loss=loss_fn, metrics=['accuracy'])

We train the model using the training set.

from tensorflow.keras.callbacks import EarlyStopping, ModelCheckpoint
train_callbacks = [EarlyStopping(patience=10, monitor='val_loss'),

ModelCheckpoint(filepath='checkpoints/', monitor='val_loss',
save_weights_only=True)]

model.fit(train_ds, validation_data=vald_ds, epochs=100, callbacks=train_callbacks)

We use evaluate method to evaluate the model using the test set.

loss, acc = model.evaluate(test_ds)

22/22 [==============================] - 1s 43ms/step - loss: 0.6501
- accuracy: 0.7386

If we want to get the predicted values, we need to implement a loop and use predict method.

y_test = np.empty((0,))
y_pred = np.empty((0,))
for image_batch, label_batch in test_ds:

pred = model.predict(image_batch)
pred = np.argmax(pred, axis=1)
y_pred = np.append(y_pred, pred)
y_test = np.append(y_test, label_batch.numpy())

Then, we can display the confusion matrix and classification by passing the predicted labels.

from sklearn.metrics import accuracy_score, confusion_matrix, classification_report
print(accuracy_score(y_test, y_pred))
print(confusion_matrix(y_test, y_pred))
print(classification_report(y_test, y_pred))
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0.9076704545454546
[[107 3 1 2 1]
[ 7 160 5 3 2]
[ 4 4 98 3 11]
[ 0 4 0 135 0]
[ 2 0 12 1 139]]

precision recall f1-score support

0.0 0.89 0.94 0.91 114
1.0 0.94 0.90 0.92 177
2.0 0.84 0.82 0.83 120
3.0 0.94 0.97 0.95 139
4.0 0.91 0.90 0.91 154

accuracy 0.91 704
macro avg 0.90 0.91 0.90 704

weighted avg 0.91 0.91 0.91 704

The classification report shows that the model performed well in classifying the data with F-score
above 0.90 for all classes except one. The accuracy of the model is 0.91.

Exercises
1. Explain how does CNN differ from fully connected neural networks.

2. Explain the different layers in CNN.

3. Explain the purpose of using zero padding in CNN.

4. Explain the effect of high stride on the feature map.

5. Consider an input image of size 12× 12. Determine the size of the feature maps if a filter of
size 3× 3 with a stride of 1 is applied to the input image.

6. Explain the purpose of a pooling layer in CNN.

7. Explain the different types of pooling layer and their characteristics.

8. Explain the role of the fully-connected layer in CNN.

9. Calculate the convolution operation between the following input image and kernel.

10. Consider a small CNN that predict a 15 × 15 image into 4 classes. The network has a
convolutional layer, a max-pooling layer followed by a fully-connected layer. For this network
a bias is used for the convolutional and fully-connected layer.
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(a) Determine the number of weights in the convolutional layer.

(b) Determine the feature vector.

(c) Determine the number of weights of the entire network.



Chapter 14

Recurrent Neural Network

14.1 Introduction
The artificial neural network architectures that have been discussed in the previous chapters are
designed for 1-d and 2-d input data such as vectors and images. However, certain data types such
as text and those generated by sensors contain sequential dependencies over time. A data point
is dependent on data points that come before and after it. This can be seen in text data for any
language, a sentence is constrained by the grammar of the language. The sequence of the words in
a sentence exhibits a significant sequential correlation. For example, “I like playing football”, the
word that comes after playing should be a sport, game or other similar nouns and it is very unlikely
the following word is another verb. Thus, it is important that this sequential pattern or temporal
structure is explored to improve the accuracy of the prediction. In the following section, we will
discuss a specialized type of artificial neural network for processing a sequence of data. The neural
network is called a recurrent neural network (Rumelhart, Geoffrey E. Hinton, and Williams 1986).

14.2 Neural Network with Feedback Loops
First, let us recall the artificial neural network. A neural network accepts an arbitrary number of
inputs whereby each input is multiplied by a weight and the resultants are summed and passed to a
non-linear activation function to produce an internal state of the neural network. The internal state
is then fed to the subsequent layers to produce the predictive output. Now, consider a sequential
dataset as shown in Table 14.1. The dataset has four input features, a target and the first column
indicates the time the instances are collected which is every hour. Considering this is a sequential
data, the target at a later time is mostly dependent on the inputs of the prior time.

Table 14.1 A sequential dataset

t, hour x1 x2 x3 x4 y

8.00 0.62 0.13 0.35 0.82 0
9.00 0.58 0.15 0.39 0.79 0
... ... ... ... ... ...

23.00 0.49 0.74 0.63 0.36 1

To predict the target is a straightforward task for an artificial neural network. We feed the input
features to the neural network and the signals are propagated through the hidden layers to the
output layer. Since, the data is time series, we can repeat the same steps for the subsequent time
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steps (rows) to predict the output. Figure 14.1 illustrates this approach whereby three input time
steps are fed to the neural network. Note that the same neural network is used for each time step.
At each time step, the input is given to the neural network and the predictive output is generated
at that particular time step.

Figure 14.1 The sequence of input time steps is fed to the neural networks separately

Although the neural network is able to learn the mapping between the features and the target,
this approach assumes the data is non-sequential. This is because the neural network treats the
instances as an individual isolated input, and consequently the relationship between the instances
that is inherent in the sequence is not learned. To address this limitation, a neural network at time
t should be able to pass its computation (state) to the later time steps allowing the information to
be used to generate the predictive outputs as shown in Figure 14.2. As we can see in the figure, each
predictive output is a function of both the current input and the state from the previous time step.
We can describe this model as a neural network with a recurrent connection as shown in Figure 14.2
(on the right).

Figure 14.2 The neural networks are linked to the subsequent neural networks allowing information to be
passed from one time step to the next time step

The recurrent neural network (RNN) is characterized by the recurrent connection (loop) which
passes the information from one time step to another time step. The recurrent connection defines
how the internal state of the neural network at each time step is updated. Specifically, the internal
state is parameterized by a set of weights which will be learned as the sequences of data is processed
over the course of training. Note that the weights are shared across the sequence which means the
same weights are to be applied to each individual time step. Figure 14.3 illustrates the internal
structure of a RNN.

Now, let us look at the forward propagation of the RNN. Given a sequence of data xt, the output
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Figure 14.3 The internal structure of a RNN

for each time step t = 1 to t = T is given as follows:

ŷt = g(ot) (14.1)

ot = w⊤ht + c (14.2)

ht = f(zt) (14.3)

zt = u⊤xt + bx + v⊤ht−1 + b (14.4)

where ht is the hidden state of the RNN at time t, u, v and w are the weight matrices for input-
to-hidden, hidden-to-hidden and hidden-to-output connections, b and c are the biases and f is
typically tanh activation function.

The above example is a RNN that maps an input sequence to an output sequence of the same length.
This type of sequence modeling is known as many-to-many and a common application is machine
translation. However, RNN are flexible as the length of input and output can be configured to
many-to-one and one-to-many as shown in Figure 14.4. Many-to-one takes a sequence of input and
produces a single output. This type of sequence modeling is common in sentiment analysis where
we want to determine the emotional tone of a document or a collection of sentences. One-to-many
takes a single input and produces a sequence of output and a typical example of this modeling is
image captioning. Given an input image, we want to generate a textual description of the image.

The training of RNN is considerably more complex and difficult compared to standard neural
networks. The total loss for many-to-one modeling is calculated based on the single output
prediction. In the case of many-to-many and one-to-many, the total loss for a given input or
sequence of input paired with the sequence of output is the sum of the losses over all the time
steps. Computing the gradient of the loss function with respect to the weights is computationally
expensive. The gradient computation begins with the forward propagation of the input sequence
from left to right, followed by the backward propagation from right to left through the network.
This learning algorithm is called backpropagation through time (Rumelhart and McClelland 1987;
Werbos 1988). A major challenge in the training of RNN is that the propagation of the gradients
over many time steps may vanish (Hochreiter, Bengio, et al. 2001).
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Figure 14.4 Types of sequence modeling

14.3 Long Short-term Memory
Long short-term memory (LSTM) is a variant of RNN that was designed to overcome the problem
of vanishing gradient when learning long-term dependencies (Hochreiter and Schmidhuber 1997).
LSTM is arguably the most widely used variant and it is applicable in various applications such as
image captioning, machine translation, sentiment analysis and healthcare (Van Houdt, Mosquera,
and Nápoles 2020). Similar to the standard RNN, LSTMs have the form of a chain of repeating
units. An LSTM unit consists of several gates that control the passing of information from one
time step to another time step: forget gate, input gate and output gate. Figure 14.5 illustrates the
flow of information and the interconnection of the gates. The key element in an LSTM unit is the
cell ct which remembers the information (state) at each time step. The cell is indicated by the
horizontal line running through the top of the block. The cell state is updated by controlling the
flow of information through the gates.

Figure 14.5 The architecture of an LSTM unit

The forget gate accepts the input xt and the previous hidden state ht−1, and determines which
information should be filtered out from the previous cell state ct−1. This operation is performed by
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a sigmoid activation function, which outputs the value in the range of 0 (filter out) and 1 (keep).

f t = σ(u⊤
f xt + bxf + v⊤

f ht−1 + bhf ) (14.5)

where uf and vf are weight matrices that are learned.

The input gate is responsible for storing information in the current cell state ct based on the
current input xt and the output of the previous time step ht−1. The operation involves activation
functions, sigmoid and tanh. The sigmoid activation function decides which relevant information to
be retrieved and the tanh activation function creates the candidate vector which will be used to
update the cell state.

it = σ(u⊤
i xt + bxi + v⊤

i ht−1 + bhi) (14.6)

gt = tanh(u⊤
g xt + bxg + v⊤

g ht−1 + bhg) (14.7)

The cell state is updated via the following computation.

ct = f t ⊙ ct−1 + it ⊙ gt (14.8)

where ⊙ is element-wise multiplication.

The output gate accepts the current input xt and the output of the previous time step ht−1 and
combines them with the cell state ct. The computation of the output ht is given as follows:

ot = σ(u⊤
o xt + bxo + v⊤

o ht−1 + bho) (14.9)

ht = tanh(ct)⊙ ot (14.10)

14.4 Gated Recurrent Unit
Gated recurrent unit (GRU) is another popular variant of RNN. It is similar to LSTM whereby
gating mechanism are used to control the flow of information from one time step to another time
step. However, GRU has a relatively simpler architecture whereby it has two gates and does not
store the state of each time step. Hence, the network has fewer parameters and is faster in terms of
computation and training (Chung et al. 2014). A GRU unit has two gates: reset gate and update
gate. Figure 14.6 illustrates the interconnection of the gates.

The reset gate takes the previous hidden state ht−1 and decides which information to ignore and
process with the current input xt to update the hidden state.

rt = σ(u⊤
r xt + bxr + v⊤

r ht−1 + bhr) (14.11)

The update gate is computed similarly to the reset gate. However, it has a different usage whereby
it controls how much information will be carried over from the previous hidden state to the current
hidden state during the hidden state update.

zt = σ(u⊤
z xt + bxz + v⊤

z ht−1 + bhz) (14.12)

Then, the hidden state at time t is updated as follows:

ht = zt ⊙ nt + (1− zt)⊙ ht−1 (14.13)
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Figure 14.6 The architecture of a GRU

where nt is given by

nt = tanh(u⊤
n xt + v⊤

n (rt ⊙ ht−1) + bn) (14.14)

14.5 Similarities and Differences Between LSTM and GRU
Gated RNN such as LSTM and GRU are capable of learning long dependencies due to the additive
component to update the hidden state from t − 1 to t. Unlike RNN which replaces the hidden
state with a new value computed from the current input and previous hidden state, LSTM and
GRU update the current hidden state by adding the existing value with a new value. The additive
component comes with several advantages. First, any important features that are extracted by
the gating mechanism are not overwritten due to the addition operation. Thus, it is easy for each
LSTM or GRU unit to store important features in the long sequence of inputs. Secondly, the
additive component creates a direct connection between temporal units. This allows the error to
be backpropagated easily to the earlier temporal units, without passing through the non-linear
activation functions which may cause the vanishing gradient.

Despite their similarities, LSTM and GRU have a few differences. Both LSTM and GRU units
control the amount of information flowing from the previous time step. However, the GRU unit
does not independently control the new candidate activation while the LSTM unit directly controls
the new candidate activation being added to the cell state. LSTM unit controls the amount of
information to be passed to the next unit by the output gate. GRU unit fully exposes the hidden
state to the next unit without any control.

14.6 Using TensorFlow Datasets
In this section, we will be creating the input pipeline for the RNN which we will be implementing
in the next section. We will be using a dataset from TensorFlow Datasets (TFDS) library. TFDS
provides a collection of ready-to-use datasets for use with TensorFlow. The list of datasets can be
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found at https://www.tensorflow.org/datasets/catalog/overview.

Let us install TFDS library. Type the following command to install using pip.

pip install tensorflow-datasets

Type the following command to install using conda.

conda install -c conda-forge tensorflow-datasets

Now, import tensorflow_datasets as tfds.

import tensorflow_datasets as tfds

We will be using Sentiment140 dataset. Sentiment140 is a dataset containing tweets of brand,
product, or topic on Twitter. The data format has 6 fields as follows:

• the polarity of the tweet (0 = negative, 4 = positive)
• the id of the tweet
• the date of the tweet
• the query (lyx). If there is no query, then this value is NO_QUERY.
• the user that tweeted
• the text of the tweet

To download the dataset, we use load method of tfds. The method has several parameters as
follows:

• with_info is the parameter to get the information of the dataset. By default, the value is
False.

• as_supervised is either True or False. If the value is True, the returned dataset will have a
2-tuple structure (input, label). However, for some dataset, the parameter is None. By default,
the value is False.

• split is used to indicate which split of the data to load. By default, the dataset has been split
into training and test sets and the method will load both sets. This parameter can be specified
by passing either 'train', 'test' or ['train','test']. Furthermore, we can also specify the
portion of each set to load such as train[:25%] which means, the first 25% of training data
will be loaded. We can load the last 25% of training data by passing train[25%:]. We can
also combine the samples of training and test sets by passing 'train+test'. Note that, for
some datasets, the values of split are 'train' or 'validataion'. For more information, please
refer to the official documentation.

Now, let us load the dataset. We set both with_info and split to ['train[:25\%]', 'test[:10\%]'].
We load a quarter of the training set and 10% of the test set.

dataset, info = tfds.load(name='sentiment140', with_info=True,
split=['train[:50%]', 'test[:50%]'])

The function returns dataset as a list with two elements. The first element is the training set and
the second element is the test set.

train_data, test_data = dataset[0], dataset[1]
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We further split the training set into training and validation sets.

vald_size = int(len(train_data) * 0.2)
vald_data = train_data.skip(len(train_data) - vald_size)
train_data = train_data.take(len(train_data) - vald_size)

We create a function to get text and polarity from the dataset. The other columns (fields) will be
ignored.

def get_text_polarity(data_dict):
data_dict['polarity'] = tf.one_hot(data_dict['polarity'], depth=1)
return data_dict['text'], data_dict['polarity']

Then, we use map method to apply the created function to the training, validation and test set.

train_data = train_data.map(get_text_polarity)
vald_data = vald_data.map(get_text_polarity)
test_data = test_data.map(get_text_polarity)

We set the training set to randomly shuffles the data. Then we set the batch size to 256.

buffer_size = 1000
batch_size = 256
train_data = train_data.shuffle(buffer_size).batch(batch_size)
vald_data = vald_data.batch(batch_size)
test_data = test_data.batch(batch_size)

We use prefetch method to allows the later samples to be prepared while the current samples are
being processed. This will improves latency and throughput.

train_data = train_data.prefetch(buffer_size=buffer_size)
vald_data = vald_data.prefetch(buffer_size=buffer_size)
test_data = test_data.prefetch(buffer_size=buffer_size)

Let us take a batch from the training set and print out the first sample.

for b in train_data.take(1):
data_batch, label_batch = b

print(data_batch[0].numpy())

We assume the size of the vocabulary is 1000 words. Vocabulary is the set of unique words used in
the text corpus (dataset).

vocab_size = 1000

Now, we will be using TextVectorization preprocessing layer to turn the text data to integer
representation. TextVectorization layer has a method called adapt to set the internal state of
the layer. For example, TextVectorization layer should hold a mapping between string tokens
(words) and integer indices. We pass the text data (without the labels) to adapt method to encode
the text data.
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text_vectorizer = tf.keras.layers.TextVectorization(max_tokens=vocab_size)
text_vectorizer.adapt(train_data.map(lambda text, label: text))

We can get the vocabulary from TextVectorization layer.

vocab = np.array(text_vectorizer.get_vocabulary())

14.7 Implementing Recurrent Neural Networks
Let us build the sequential model using RNN. A RNN is implemented using SimpleRNN module.
The module has the following parameters:

• units is the dimensionality of the output space.
• activation is the activation function to use. The default value is 'tanh'.
• use_bias is to indicate whether the layer uses a bias vector or not. By default, the value is

True.
• kernel_regularizer is the regularizer function applied to the weights. This parameter is

used to apply norm penalty regularization. By default, the value is None.
• dropout is the dropout rate for applying dropout regularization to the inputs. The default

value is 0.0.
• recurrent_dropout is the dropout rate for applying dropout regularization to the recurrent

state. The default value is 0.0.
• return_sequences is used to return the output of each time step or the output of the last

time step only. By default, the value is False.
• return_state is used to return the last cell state in addition to the output. By default, the

value is False.

Another type of layer that we need to use is Embedding layer. The purpose of this layer is to convert
each word into a fixed length vector of defined size.

• input_dim is to define the size of the vocabulary. The value should be integer.
• output_dim is the output dimension of the layer i.e. the size of the output vector. The value

should be integer.
• mask_zero is to pad the input with value of 0 or not. This is useful when using recurrent

layers which takes different lengths of input. The value is either True or False. By default,
the value is False.

First, we define the input layer using Input. Then, we pass the output of the input layer to
TextVectorization layer to turn the text data to integer representation. The Embedding layer
receives the integer representation to convert it to vector representation. The vector is the input to
the RNN. We set the output units of the RNN to 64. The output of the RNN is passed to a fully
connected layer with 32 units. Finally, the output of this layer is passed to another fully connected
layer (output layer). The output layer has 1 unit representing 0 (negative) and 1 (positive).
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from tensorflow.keras.layers import SimpleRNN, Dense, Input, Embedding
from tensorflow.keras.models import Model

inputs = Input(dtype=tf.string, shape=(1,))
x = text_vectorizer(inputs)
x = Embedding(input_dim=len(text_vectorizer.get_vocabulary()),

output_dim=64, mask_zero=True)(x)
x = SimpleRNN(units=64)(x)
x = Dense(units=32, activation='relu')(x)
outputs = Dense(units=1)(x)
model = Model(inputs=inputs, outputs=outputs)

We can add another layer of RNN. Since the RNN receives a sequence of inputs, the first RNN
needs to return the full sequence of outputs. To do this, we set return_sequences of the first RNN
to True. Setting this parameter will make the RNN to return the output of each time step which
will be the input to the second layer of the RNN.

inputs = Input(dtype=tf.string, shape=(1,))
x = text_vectorizer(inputs)
x = Embedding(input_dim=len(text_vectorizer.get_vocabulary()),

output_dim=64, mask_zero=True)(x)
x = SimpleRNN(units=64, return_sequences=True)(x)
x = SimpleRNN(units=64)(x)
x = Dense(units=32, activation='relu')(x)
outputs = Dense(units=1, activation='sigmoid')(x)
model = Model(inputs=inputs, outputs=outputs)

Now, let us build the model using LSTM. The model consists of an LSTM, a hidden (fully
connected) layer and an output layer. The module to implement LSTM is LSTM. LSTM has the
following parameters.

• units is the dimensionality of the output space.
• activation is the activation function. By default, the value is 'tanh'.
• recurrent_activation is the activation function to use for the recurrent step. By default,

the value is 'sigmoid'.
• use_bias is to indicate whether the layer uses a bias vector or not. By default, the value is

True.
• kernel_regularizer is the regularizer function applied to the weights. This parameter is

used to apply norm penalty regularization. By default, the value is None.
• dropout is the dropout rate for applying dropout regularization to the inputs. The default

value is 0.0.
• recurrent_dropout is the dropout rate for applying dropout regularization to the recurrent

state. The default value is 0.0.
• return_sequences is used to return the output of each time step or the output of the last

time step only. By default, the value is False.
• return_state is used to return the last cell state in addition to the output. By default, the

value is False.

Here, instead of SimpleRNN, we use LSTM as the RNN. The LSTM receives input vectors from the
Embedding layer, and pass its output to a fully connected layer.
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from tensorflow.keras.layers import Input, Embedding, LSTM, Dense
from tensorflow.keras.models import Model

inputs = Input(dtype=tf.string, shape=(1,))
x = text_vectorizer(inputs)
x = Embedding(input_dim=len(text_vectorizer.get_vocabulary()), output_dim=64)(x)
x = LSTM(units=64)(x)
x = Dense(units=64, activation='relu')(x)
outputs = Dense(units=1, activation='sigmoid')(x)
model = Model(inputs=inputs, outputs=outputs)

GRU can be implemented using GRU module. The module has similar parameters as LSTM.

• units is the dimensionality of the output space.
• activation is the activation function. By default, the value is 'tanh'.
• recurrent_activation is the activation function to use for the recurrent step. By default,

the value is 'sigmoid'.
• use_bias is to indicate whether the layer uses a bias vector or not. By default, the value is

True.
• kernel_regularizer is the regularizer function applied to the weights. This parameter is

used to apply norm penalty regularization. By default, the value is None.
• dropout is the dropout rate for applying dropout regularization to the inputs. The default

value is 0.0.
• recurrent_dropout is the dropout rate for applying dropout regularization to the recurrent

state. The default value is 0.0.
• return_sequences is used to return the output of each time step or the output of the last

time step only. By default, the value is False.
• return_state is used to return the last cell state in addition to the output. By default, the

value is False.

Here, we build a model consists of a GRU, a hidden (fully connected) layer and an output layer.

from tensorflow.keras.layers import Input, Embedding, GRU, Dense
from tensorflow.keras.models import Model

inputs = Input(dtype=tf.string, shape=(1,))
x = text_vectorizer(inputs)
x = Embedding(input_dim=len(text_vectorizer.get_vocabulary()), output_dim=64)(x)
x = GRU(units=64)(x)
x = Dense(units=64, activation='relu')(x)
outputs = Dense(units=1, activation='sigmoid')(x)
gru_model = Model(inputs=inputs, outputs=outputs)
print(gru_model.summary())

Exercises
1. Explain the difference between RNN and fully-connected neural networks.

2. Give some examples where RNN can be used.

3. Explain if it is possible for a RNN to have more than one hidden layer. Justify your answer.
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4. Explain the difference between LSTM and GRU.

5. Explain bidirectional RNN.

6. RNN takes the current input xt and the previous state vector h(t−1) and returns a new state
ht and output vector ŷt.

ŷt = g(w⊤ht + c)

ht = f(u⊤xt + bx + v⊤ht−1 + bh)

Suppose that f is a step function and g is a linear function. Determine the weights u, v and w
and biases bx, bh and c so that the RNN initially output 0, and as soon as it receives an input
of 1, it switches to output 1 for all subsequent time steps. For example, an input sequence of
00011010 produces an output 00011111. Assuming the hidden unit has an initial value of 0.



Chapter 15

Attention Mechanism

15.1 Introduction
Attention mechanism has significantly improved the performance of various deep learning models
in recent years. It is a powerful method that is meant to mimic cognitive attention which allows
the model to focus on one or few inputs while ignoring others. Attention mechanism emerged
as an improvement over the encoder-decoder model for neural machine translation. Since then,
many advances have been made in natural language processing, including the bidirectional encoder
representations from transformers (BERT) (Devlin et al. 2018) and generative pre-trained transformer
3 (GPT3) (Brown et al. 2020). In this chapter, we first introduce the encoder-decoder architecture.
Then, we introduce the attention mechanism and the self-attention mechanism. We describe the
attention methods in the context of machine translation.

15.2 Encoder-Decoder
The most common network architecture for many-to-many sequence learning is called encoder-
decoder (Cho et al. 2014; Sutskever, Vinyals, and Le 2014). The architecture is the basis of
state-of-the-art machine translation models. In general, the encoder accepts the input sequence and
encodes it into a feature representation of the input sequence which is known as a context vector.
Then, the decoder takes the context vector and decodes it to produce the output sequence word by
word. Figure 15.1 illustrates the block diagram of the encoder-decoder model.

Figure 15.1 Architecture of encoder-decoder

Both encoder and decoder use RNN to model the sequence of the data. The RNN may refer to the
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RNN or a variant of RNN such as LSTM and GRU. Let x of length Tx denotes the source sequence
and y of length Ty denotes the target sequence. Note that the source and target variables are in
bold to indicate they are vectors.

x = {x1, x2, ..., xTx} (15.1)

y = {y1, y2, ..., yTy} (15.2)

In the context of machine translation, the source is the set of sentences to be translated and the
target is the set of sentences of the language that we want to translate to. The RNN of the encoder
reads the input sequence whereby at each time step, the inputs are the current word xt and the
hidden state from the previous time step ht−1, and the output of the RNN is the new hidden state
ht. The initial hidden state of the decoder h0 is typically zeros. The encoder fenc can be represented
as a function of xt and ht−1.

ht = fenc(xt, ht−1) (15.3)

Once the final word of the input sequence is passed to the RNN, the final hidden state is used as the
context vector c = hTx . The context vector is passed to the decoder for decoding and generating
the translation. The decoder is trained to generate the output or the target words yt given hidden
state st at each time step. Typically, fully connected layer(s) is used to predict the target words.
The hidden state st is conditioned on the previous target word yt−1and the previous hidden state
st−1. The decoder fdec can be represented as follows:

yt = fdec(st) (15.4)

where hidden state st is

st = g(yt−1, st−1) (15.5)

s0 = c (15.6)

We use two tokens to indicate the start and end of the source and target sentences: <start> and
<end>. The tokens are appended to the start and end of the sequence x = {x1, x2..., xTx} where
x1 =< start > and xTx =< end >. Thus, the first input to the encoder and decoder is <start>.
The subsequent inputs are the source and target words, and the last input <end>. When training
the encoder-decoder model, we always know the number of words in the sequences. During inference,
the model will keep generating the words until <end> token is generated.

15.3 Attention Mechanism
In the previous section, we discussed encoder-decoder for sequence learning such as machine
translation. In encoder-decoder model, the final hidden state of the encoder, also known as context
vector is passed to the decoder for generating the target words. The context vector represents
the compressed version of the input sequence. However, due to the fixed length of the context
vector, the information needs to be compressed which may lead to information loss especially those
early in the sequence. Bi-directional RNN may resolve the problem by processing the sequence
in reverse order. However, the problem still persists when processing long input sequences. An
attention mechanism was introduced to address the challenge of learning long input sequences
(Bahdanau, Cho, and Bengio 2014). Attention allows the model to focus on different “parts” of
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input sequence when generating the outputs at each time step. Unlike the standard encoder-decoder
model, attention derives the context vector from the hidden states of both the encoder and decoder,
and the alignment between the source and target.

The encoder is a bi-directional RNN that reads the sequence of inputs x = {x1, x2, ..., xTx}
and generates forward hidden states −→h and backward hidden states ←−h at each time step. The
concatenation of the hidden states represents the encoder state.

h = [−→h ;←−h ] (15.7)

where −→h = {h1, h2, ..., hTx} and ←−h = {hTx , hTx−1 , ..., h1}

At each time step, the decoder generates a hidden state as follows:

st = f(yt−1, st−1, ct) (15.8)

where the initial hidden state s0 = ←−h and ct denotes the context vector at time t. The context
vector is computed as a weighted sum of the encoder hidden states, with weights given by the
alignment scores αt,j :

ct =
Tx∑
j

αt,jhj (15.9)

The alignment scores are the measures of how well the input at position j match the output at
position t. The scores are calculated based on the decoder hidden state st − 1 which is right before
the output is generated and the encoder hidden state hj . The alignment scores αt,j are computed
by

αt,j = exp(scoret,j)∑Tx
k exp(scoret,k)

(15.10)

where scoret,j = a(st−1, hj). Figure 15.2 illustrates how the alignment scores determine the
contribution of each encoder hidden state to the context vector.

Bahdanau et al. parameterize the alignment score function a(st−1, hj) with fully connected layers
that are jointly trained with the encoder and decoder (Bahdanau, Cho, and Bengio 2014). Specifically,
the score function is defined as

a(st−1, hj) = v⊤tanh(w · st−1 + u · hj) (15.11)

where v, w and u are weight matrices to be learned by the model.

Given the significant improvement by integrating the attention mechanism, various forms of attention
and alignment score functions have been introduced (Luong, Pham, and Manning 2015; Graves,
Wayne, and Danihelka 2014). In (Luong, Pham, and Manning 2015), Luong et al. introduced
several changes to generalize the attention mechanism which allows the alignment score function
to be switched to different score functions. The key difference is the method of computing the
context vector. Bahdanau attention first derives the context vector. Then, the decoder feeds the
concatenation of the context vector with the previous target word yt−1 to the decoder’s RNN to
generate the current hidden state st. Luong attention first generates st using the decoder’s RNN
and then uses it to derive the context vector. The decoder concatenates the context vector with st
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Figure 15.2 The context vector is derived by summing all the weighted hidden states of the encoder. Image is
reproduced from (Bahdanau, Cho, and Bengio 2014).

and feeds it to the fully connected layer to generate the target word. Figure 15.3 illustrates the
differences in the attention mechanisms, while Figure 15.4 presents an example of alignment scores
computed by an encoder-decoder model with attention for English-French translation.

The attention that we discussed above attends to the entire hidden states of the encoder. This
attention is called global attention model. This model has the drawback that it is computationally
expensive for long sequences. Luong attention proposed the local attention model whereby the
context vector is derived as a weighted average over a set of encoder hidden states [pt −D, pt + D]
where D is empirically selected. The context vector is therefore calculated as follows. Figure 15.5
illustrates the computation of global and local attention.

ct =
pt+D∑

j=pt−D

αt,jhj (15.12)

Another difference is that the encoder does not use a bi-directional RNN to simplify the computation.
Thus, only forward hidden states are used when deriving the context vector. Finally, three alignment
score functions are introduced: general, dot-product and location-based, as an alternative to the
additive score function. Table 15.1 lists the popular attention mechanism and their alignment score
functions.

15.4 Self-Attention
RNN is an essential component in attention model for learning sequential data. However, due to the
sequential nature of recurrent neural network, it precludes parellization within the training data. For
a sequence with L lengths, the model needs to perform O(n) sequential operations to generate the
output sequence. The problem is becoming more pronounced when processing long input sequences.
The motivation for the development of self-attention is to reduce the computational complexity of
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(a) (b)

Figure 15.3 (a) Bahdanau (Bahdanau, Cho, and Bengio 2014) and (b) Luong (Luong, Pham, and Manning
2015) attention mechanisms. The red bounded box indicates the calculation of the context vector.

Figure 15.4 The alignment scores between the source words (English) and the generated translation (French).
Image source from (Bahdanau, Cho, and Bengio 2014).
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Figure 15.5 Global and local attention. Encoder in green and decoder in blue. Images are reproduced from
(Luong, Pham, and Manning 2015).

Table 15.1 Popular alignment score functions

Alignment score function Name
scoret,j = v⊤tanh(w · st−1 + u · hj) Additive or

Concatenation
scoret,j = hjT wst where w is the
trainable weight matrix.

General

scoret,j = stT hj Dot-product
αt,j = softmax(wst). This score function
depends on the target position thus
simplifying the softmax alignment.

Location-base

scoret,j = cosine[st, hj ] Content-based attention

the attention model. Like attention which allows the model to focus attention on specific parts of
the input sequence, self-attention enables interaction between words in the sequence to compute the
context vector, resulting in better capturing of the syntactic and semantic structure of the sentences.

15.4.1 The Transformer

The Transformer architecture proposed in (Vaswani et al. 2017) is the first model that relied
entirely on self-attention for the alignment between input and output sequence without the recurrent
architecture. Although the model does not use recurrent and convolutional layers, it retains the
popular encoder-decoder architecture as shown in Figure 15.6. The encoder (on the left side of
the figure), consists of six identical layers whereby each has two sub-layers. The first sub-layer is
multi-head attention which we will be explained later. The second sub-layer is position-wise feed
forward network. The position-wise feed forward network is implemented using two fully connected
layers with ReLU activation function in between.

FFN(x) = max(0, x ·W1 + b1)W2 + b2 (15.13)
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The sub-layers have a residual connection followed by layer normalization, that is the output of
each sub-layer is

y = LayerNorm(x + Sublayer(x)) (15.14)

where Sublayer(x) is the output of the sub-layer itself. All sub-layers and the embedding layer
produce outputs of dimension dm = 512.

Figure 15.6 The Transformer architecture consists of encoder (left) and decoder (right). Image source from
(Vaswani et al. 2017).

The decoder as shown in Figure 15.6 is also consists of six identical layers. Each layer has two
sub-layers as in the encoder and a third sub-layer, which also performs multi-head attention. This
sub-layer receives one input from the first multi-head attention and two inputs from the encoder
stack. Similar to the sub-layers of the encoder, a residual connection followed by layer normalization.
The output of the decoder is passed to a fully connected layer with softmax function for prediction.

Since the Transformer does not use any recurrent layer, it needs a method to “know” the order of
the words in the sequence. This is achieved by adding the positional encoding to create positional
vectors which to be added to the input vectors. The positional encoding uses the sine and cosine



Machine Learning and Deep Learning with Python 238

functions of different frequencies to create the positional vectors.

PE(p, 2i) = sin( p

1000
2i

dm

) (15.15)

PE(p, 2i + 1) = cos( p

1000
2i

dm

) (15.16)

where p is the position and i is the dimension.

15.4.2 Multi-head Attention

The multi-head attention consists of several components, of which the main component is the scaled
dot-product attention as shown in Figure 15.7. The multi-head attention accepts three inputs
denoted by Q, K and V, representing query, key and value vectors. The query and key have the
same dimension dk and value has dv dimension. Note that the vectors may have the same dimension
dk = dv. Each vector is passed to a fully connected layer, for linear projection.

Figure 15.7 Multi-head attention. Image source from (Vaswani et al. 2017)

Q = wT
q x (15.17)

K = wT
k x (15.18)

V = wT
v x (15.19)

where wq, wk and wv are weight matrices to be learned. Q = Rm×dk , K = Rm×dk and V = Rm×dv

where m is the length of sequence.

The scaled dot-product attention computes the attention scores of the words. The sequence alignment
is treated as a mapping between a query and a set of key-value pairs, and an output. The concept
of query, key and value in self-attention is similar to the regular python dictionary. The following
code shows a python dictionary Courses with three keys (CPT111, CPT112 and CPT113) and three
values (Programming 1, Mathematic and Programming 2). A query Courses['CPT112'] is passed
to the dictionary to fetch a piece of information which is stored in result. The query is a request
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for information, key is what kind of information the dictionary has and value is the information the
dictionary has. When the query is passed to the dictionary, the search engine will map the query
against a set of keys and return the information that the matching key is associated with. In the
context of machine translation, the query is the target sequence, value is the source sequence and
key is some information associated with the source sequence.

Courses = {'CPT111': 'Programming 1' , 'CPT112': 'Mathematic', 'CPT113': 'Programming 2'}
result = Courses['CPT112']

The query, key and value vectors are derived from the same item in the input sequence. Using these
vectors, the output is calculated by adding the weighted values, where the weights are determined
by how well the query matches the associated keys. The attention weights (or scores) are calculated
as follows. We compute the dot products between Q with K and perform scaling by dividing the
resultant matrix with

√
dk, followed by the softmax function to obtain the weights. Then, the

resulting weights are applied to the value.

Attention(Q, K, V) = softmax(Q ·KT

√
dk

)V (15.20)

The attention function allows the model to learn dependencies between different parts of the sequence.
In the context of machine translation, understand the syntactic and semantics between words in
the sentence. Figure 15.8 illustrates the computation of the scaled dot-product attention. As can
be seen in Figure 15.7, the multi-head attention has several scaled dot-product attention runs in
parallel. Each attention produces dv dimensional output, and the outputs are concatenated and fed
to a linear fully connected layer.

Figure 15.8 The scaled dot-product attention. Image source from (Vaswani et al. 2017)

15.5 Implementing Encoder-Decoder
In this section, we will be implementing encoder-decoder model for machine translation. We will be
using the TensorFlow Text, a library that provides a collection of text related classes and functions
ready to use with TensorFlow. The library can perform the preprocessing required by text-based
models, and other features for sequence modeling. Use pip to install TensorFlow Text. Specify the
library version that is similar to TensorFlow library.

pip install -U tensorflow-text==<version>
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We import the libraries including TensorFlow Text.

import tensorflow as tf
import tensorflow_datasets as tfds
import tensorflow_text as tf_text
import numpy as np

We will be using a dataset from Opus. Opus is a collection of translated texts from the web. The
dataset contains over 1.9 million sentences in Malay and English. First, download the dataset from
Kaggle using the following link: https://www.kaggle.com/datasets/mohalim/english-malay

Once the dataset has been downloaded, unzip the zip file and move "ms_en.txt" to your working
folder. Then, we define the path to the dataset file and create a function to read the file. Replace
"path_to_file" with the path to the file.

import pathlib
dataset_path = 'path_to_file/ms_en.txt'
dataset_path = pathlib.Path(dataset_path)

The function reads the file, splits into lines and splits each line by '\t' (tab). Finally, we create the
arrays of the Malay and English sentences.

def read_file(path):
data = path.read_text(encoding='utf-8')
lines = data.splitlines()
pairs = [line.split('\t') for line in lines]
source = np.array([english for malay, english in pairs])
target = np.array([malay for malay, english in pairs])
return source, target

Use the function by passing dataset_path. The function returns two arrays: source and target.
source contains English sentences and target contains Malay sentences.

source, target = read_file(dataset_path)

From the arrays of strings, we create a tf.data.Dataset. We will be using only 20% of the data.

total = len(source)
subset_size = int(0.2 * total)
dataset = tf.data.Dataset.from_tensor_slices((source[:subset_size],

target[:subset_size]))

Now we split the dataset into training and validation sets. We put aside 20% of the data for
validation set.

vald_size = int(len(dataset) * 0.2)
vald_data = dataset.skip(len(dataset) - vald_size)
train_data = dataset.take(len(dataset) - vald_size)

Set the buffer size and batch size of the dataset.
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buffer_size = 1000
batch_size = 256
train_data = train_data.shuffle(buffer_size).batch(batch_size)
vald_data = vald_data.batch(batch_size)

15.5.1 Text Preprocessing

Now, we need to create a function to preprocess the text data. The first is to perform Unicode
normalization to split accented characters and replace compatibility characters with their ASCII
equivalents. The tensorflow_text library has a function normalize_utf8 which normalizes each
UTF-8 string in the input tensor using the specified rule. The four Unicode normalization forms:
NFD, NFC, NFKD and NFKC. By default, the normalization form is NFKD. Then, the convert all uppercase
characters into their respective lowercase replacements followed by removing all characters except
characters (a-z) and selected punctuations. We also add spaces around punctuations and removing
whitespaces. Finally, “start of sequence” and “end of sequence” tokens are added to the input
sequences.

def preprocess_text(text):
text = tf_text.normalize_utf8(text, 'NFKD')
text = tf.strings.lower(text)
text = tf.strings.regex_replace(text, '[^ a-z.?!,]', '')
text = tf.strings.regex_replace(text, '[.?!,]', r' \0 ')
text = tf.strings.strip(text)
text = tf.strings.join(['[START]', text, '[END]'], separator=' ')
return text

This preprocess_text function is used by the TextVectorization layer which will handle the
vocabulary extraction and preprocessing of input text to sequences of tokens. We create two
TextVectorization for source and target sentences. We assume the vocabulary size is 1000. Note
that, the vocabulary size defines the number of units of the output layer.

from tensorflow.keras.layers import TextVectorization
vocab_size = 1000
source_text_vectorizer = TextVectorization(standardize=preprocess_text,

max_tokens=vocab_size)
source_text_vectorizer.adapt(train_data.map(lambda source, target : source))
target_text_vectorizer = TextVectorization(standardize=preprocess_text,

max_tokens=vocab_size)
target_text_vectorizer.adapt(train_data.map(lambda source, target : target))

We need to create a function for the training and validation sets. This prepare_text function
converts the text data into a sequence of tokens using the TextVectorization layers. It also converts
from a (source, target) pair to an ((source, target_in), target_out) pair for training. The
target_in is used as input to the decoder while target_out is used as label. The difference between
target_in and target_out is that target_out is shifted by one step relative to each other, so
that the label is the next token at each position.
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def prepare_text(source, target):
source = source_text_vectorizer(source)
target = target_text_vectorizer(target)
target_in = target[:,:-1]
target_out = target[:,1:]
return (source, target_in), target_out

Then, we use map method to apply the created function to the training and validation sets.

train_data = train_data.map(prepare_text, tf.data.AUTOTUNE)
vald_data = vald_data.map(prepare_text, tf.data.AUTOTUNE)

Let us display the first sequence of the training set.

for (src, tgt_in), tgt_out in train_data.take(1):
print(src[0,:10].numpy())
print()
print(tgt_in[0,:10].numpy())
print(tgt_out[0,:10].numpy())

15.5.2 The Encoder

Now, let us create the encoder-decoder model. Figure 15.9 shows the overview of the encoder-decoder
model. The encoder is on the left and the decoder is on the right. The final hidden state of the
encoder is the context vector is passed to the decoder to predict the target words. The encoder
consists of an embedding layer and an LSTM. The embedding layer takes the input sequence and
passes the output to the LSTM. Both return_sequences and return_state of the LSTM are set
to True. The call function returns the final hidden state and the carry state of the LSTM.

Figure 15.9 An overview of the encoder-decoder model

A function is needed for inference (predicting new text data) whereby the function accepts text as
input, and passes it to the TextVectorization layer to convert the text to integer representation.
Then, the integer representation is passed to the embedding layer and the LSTM.
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from tensorflow.keras.layers import Layer, LSTM, Embedding, Bidirectional

class Encoder(Layer):
def __init__(self, text_vectorizer, units=64):

super(Encoder, self).__init__()
self.text_vectorizer = text_vectorizer
self.embedding = Embedding(input_dim=text_vectorizer.vocabulary_size(),

output_dim=units, mask_zero=True)
rnn = LSTM(units=units, return_sequences=True,

return_state=True, dropout=0.3)
self.birnn = Bidirectional(rnn)

def call(self, x):
x = self.embedding(x)
seq_out, fw_hidden, fw_carry, bw_hidden, bw_carry = self.birnn(x)
return [bw_hidden, bw_carry]

def process_input_text(self, texts):
texts = tf.convert_to_tensor(texts)
if len(texts.shape) == 0:

texts = tf.convert_to_tensor(texts)[tf.newaxis]
source = self.text_vectorizer(texts)
state = self(source)
return state

15.5.3 The Decoder

In addition to the embedding and LSTM, the decoder includes a fully connected layer and string
lookup tables for prediction. Two string lookup tables are defined using StringLookup module.
The first lookup table (word_to_id) translates a string to its corresponding integer representation
(index) while the second lookup table (id_to_word) translates an index to its corresponding string
representation. The parameter invert is set to True when creating id_to_word to reverse the
mapping. The vocabulary parameter of the lookup tables is set using the text_vectorizer to
ensure a consistent mapping of words based on the training data. At each time step, the LSTM
takes the input embeddings and produces both output predictions and the hidden states. The
output predictions, processed through the fully connected layer, represent the likelihood of each
word in the vocabulary, allowing for word generation. The decoder also includes special tokens
generated by word_to_id, such as the start and end tokens, which help delineate the boundaries of
the generated sequences.

Three additional functions are needed for inference. The first function is called get_start_token,
creates the start token based on the size of the input. The second function is called get_next_token,
is used to predict the next token (word). The previously predicted token and the previous hidden
state is passed to the LSTM to predict the next token. Also the function compared the generated
word with end token. If the comparison is true, set done flag to True. The last function is called
tokens_to_text converts the predicted tokens to words. This function uses the second string
lookup table (id_to_word) to translate an index to its corresponding string representation.
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from tensorflow.keras.layers import Layer, LSTM, Dense, Embedding, StringLookup

class Decoder(Layer):
def __init__(self, text_vectorizer, units=64):

super(Decoder, self).__init__()
self.vocab_size = text_vectorizer.vocabulary_size()
self.embedding = Embedding(input_dim=self.vocab_size,

output_dim=units, mask_zero=True)
self.rnn = LSTM(units=units, return_sequences=True,

return_state=True, dropout=0.3)
self.output_layer = Dense(units=self.vocab_size)

self.word_to_id = StringLookup(
vocabulary=text_vectorizer.get_vocabulary(),
mask_token='', oov_token='[UNK]')

self.id_to_word = StringLookup(
vocabulary=text_vectorizer.get_vocabulary(),
mask_token='', oov_token='[UNK]', invert=True)

self.start_token = self.word_to_id(['[START]'])
self.end_token = self.word_to_id(['[END]'])

def call(self, x, state=None, return_state=False):
x = self.embedding(x)
x, hidden_state, carry_state = self.rnn(x)
x = self.output_layer(x)
if return_state:

return x, [hidden_state, carry_state]
else:

return x

def get_start_token(self, source):
batch_size = tf.shape(source)[0]
start_tokens = tf.fill([batch_size, 1], self.start_token)
done = tf.zeros([batch_size, 1], dtype=tf.bool)
return start_tokens, done

def get_next_token(self, next_token, done, state):
logits, state = self(next_token, state=state, return_state=True)
next_token = tf.argmax(logits, axis=-1)
done = done | (next_token == self.end_token)
next_token = tf.where(done, tf.constant(0, dtype=tf.int64), next_token)
return next_token, done, state

def tokens_to_text(self, tokens):
words = self.id_to_word(tokens)
result = tf.strings.reduce_join(words, axis=-1, separator=' ')
result = tf.strings.regex_replace(result, '^ *\[START\] *', '')
result = tf.strings.regex_replace(result, ' *\[END\] *$', '')
return result
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15.5.4 The Model

Now that we have defined the encoder and the decoder, we combine them to build the model for
training. The call function receives the source and target_in as inputs. The source sequence
is passed to the encoder. Then, the hidden state, the carry state and target_in are passed
to the decoder for predicting the target sequence. We define a function for inference called
translate. The function accepts a list of strings (text). The list of strings is passed to the encoder’s
process_input_text function and the encoder produces the hidden state and carry state. Then, the
decoder’s get_start_token function is used to create the start token. Using for loop, the decoder’s
get_next_token is used to predict the next token. At each iteration, done flag is checked to stop
the prediction. Finally, the decoder’s token_to_text function is used to convert the predicted
tokens to words.

from tensorflow.keras.models import Model

class Machine_Translation(Model):
def __init__(self, units, source_text_vectorizer, target_text_vectorizer):

super(Machine_Translation, self).__init__()
self.encoder = Encoder(source_text_vectorizer, units=units)
self.decoder = Decoder(target_text_vectorizer, units=units)

def call(self, x):
source, target = x
state = self.encoder(source)
logits = self.decoder(target, state=state)
return logits

def translate(self, texts, *, max_length=50, temperature=0.0):
state = self.encoder.process_input_text(texts)

tokens = []
next_token, done = self.decoder.get_start_token(state[0])

for _ in range(max_length):
next_token, done, state = self.decoder.get_next_token(next_token,

done, state,
temperature)

tokens.append(next_token)
if tf.executing_eagerly() and tf.reduce_all(done):

break

tokens = tf.concat(tokens, axis=-1)
result = self.decoder.tokens_to_text(tokens)
return result

15.5.5 Training the Model

We need to implement functions to calculate the loss and accuracy. The loss function utilizes the
SparseCategoricalCrossentropy. A mask is created based on the ground truth and the mask is
applied to the loss value to consider only the positions with actual tokens. Similarly, the accuracy is
implemented with masking to consider the positions with actual tokens only.
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from tensorflow.keras.losses import SparseCategoricalCrossentropy

loss_fn = SparseCategoricalCrossentropy(from_logits=True, reduction='none')

def masked_loss(y_true, y_pred):
loss = loss_fn(y_true, y_pred)
mask = tf.cast(y_true != 0, loss.dtype)
loss *= mask
return tf.reduce_sum(loss)/tf.reduce_sum(mask)

def masked_acc(y_true, y_pred):
y_pred = tf.argmax(y_pred, axis=-1)
y_pred = tf.cast(y_pred, y_true.dtype)
match = tf.cast(y_true == y_pred, tf.float32)
mask = tf.cast(y_true != 0, tf.float32)
return tf.reduce_sum(match)/tf.reduce_sum(mask)

We create the object of the model.

model = Machine_Translation(units=128,
source_text_vectorizer=source_text_vectorizer,
target_text_vectorizer=target_text_vectorizer)

Then, we compile the model using the created masked loss and accuracy functions.

model.compile(optimizer=optimizer, loss=masked_loss,
metrics=[masked_acc, masked_loss])

Define the callbacks and train the model by calling fit.

from tensorflow.keras.callbacks import ModelCheckpoint, EarlyStopping
checkpoints_dir = 'checkpoints_ms_en/'
callbacks = [EarlyStopping(monitor='val_masked_acc', patience=10),

ModelCheckpoint(filepath=checkpoints_dir,
monitor='val_masked_acc',
save_weights_only=True)]

history = model.fit(train_data, epochs=100,
validation_data=vald_data,
callbacks=callbacks)

To predict (translate) new text data, pass the string(s) as a list.

new_data = ['And thank you for your help, my friend.',
'It is special.',
'Let me spell it out for you.',
'Just go with it.',
'Just let me know if you need anything.',
'The President is waiting for you.']

model.translate(new_data)
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15.6 Implementing Attention
In this section, we will be implementing the encoder-decoder model with attention. First, we will
create the attention layer. Then we will create the encoder and decoder, and use the attention
layer in the decoder. The attention layer can be created using MultiHeadAttention module. The
module has the following parameter:

• num_heads is the number of attention heads.
• key_dim is the size of each attention head for query and key. .
• value_dim is the size of each attention head for value.
• dropout is the dropout probability of the attention output. The default value is 0.0.

This module is an implementation of multi-head attention as described in (Vaswani et al. 2017).
Thus, if query, key and value are the same, then this is self-attention. However, this module can also
be used to implement attention mechanism by specifying different inputs for query and value. In this
example, we create an attention layer with number of heads equal 1. We also implement the residual
connection with layer normalization. The call function has two parameters x and enc_hidden
where x is the output the decoder’s RNN. The attention layer accepts x (query) and enc_hidden
(value). The attention is set to return the attention scores. The residual connection is implemented
by adding the attention’s output with x and the resultant is fed to the layer normalization.

from tensorflow.keras.layers import MultiHeadAttention, LayerNormalization, Add

class Attention(Layer):
def __init__(self, units=64):

super(Attention, self).__init__()
self.mha = MultiHeadAttention(num_heads=1, key_dim=units)
self.add = Add()
self.layernorm = LayerNormalization()
self.attn_scores = 0

def call(self, x, enc_hidden):
attn_output, attn_scores = self.mha(query=x, value=enc_hidden,

return_attention_scores=True)
self.attn_scores = attn_scores
x = self.add([attn_output, x])
x = self.layernorm(x)
return x

We need to make a few changes to the Encoder class and Decoder class. For the Encoder class, we
remove return_state=True because the LSTM does not need to return the last state. Thus, in
call(), we change the line for RNN to hidden_states = self.rnn(x) and the function to return
hidden_states only. Similar changes is done to process_input_text function. The affected lines
are in italic.
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from tensorflow.keras.layers import Layer, LSTM, Embedding, Bidirectional

class Encoder(Layer):
def __init__(self, text_vectorizer, units=64):

super(Encoder, self).__init__()
self.text_vectorizer = text_vectorizer
self.embedding = Embedding(input_dim=text_vectorizer.vocabulary_size(),

output_dim=units, mask_zero=True)
self.rnn = LSTM(units=units, return_sequences=True, dropout=0.3)
self.birnn = Bidirectional(rnn)

def call(self, x):
x = self.embedding(x)
hidden_states = self.birnn(x)
return hidden_states

def process_input_text(self, texts):
texts = tf.convert_to_tensor(texts)
if len(texts.shape) == 0:

texts = tf.convert_to_tensor(texts)[tf.newaxis]
source = self.text_vectorizer(texts)
hidden_states = self(source)
return hidden_states

For the Decoder class, we create the Attention layer in __init__() and a variable to store the
attention scores. The call() function accepts an additional parameter which is the encoder’s hidden
states (enc_hidden). In call(), we add the attention layer after the RNN and the attention layer
accepts x (the output of decoder’s RNN) and enc_hidden as inputs. We store the attention score
so that we can retrieve it later. The get_next_token function needs a few modification. It needs
to accept the encoder’s output (enc_hidden) which will be used in call() function. The affected
lines are in italic.

from tensorflow.keras.layers import Layer, LSTM, Dense, Embedding, StringLookup

class Decoder(Layer):
def __init__(self, text_vectorizer, units=64):

super(Decoder, self).__init__()
self.vocab_size = text_vectorizer.vocabulary_size()
self.embedding = Embedding(input_dim=self.vocab_size,

output_dim=units, mask_zero=True)
self.rnn = LSTM(units=units, return_sequences=True,

return_state=True, dropout=0.3)
self.output_layer = Dense(units=self.vocab_size)

self.word_to_id = StringLookup(
vocabulary=text_vectorizer.get_vocabulary(),
mask_token='', oov_token='[UNK]')

self.id_to_word = StringLookup(
vocabulary=text_vectorizer.get_vocabulary(),
mask_token='', oov_token='[UNK]', invert=True)

self.start_token = self.word_to_id(['[START]'])
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self.end_token = self.word_to_id(['[END]'])

self.attention = Attention(units=units)

def call(self, x, enc_hidden, state=None, return_state=False):
x = self.embedding(x)
x, dec_hidden_state, dec_carry_state = self.rnn(x, initial_state=state)
x = self.attention(x, enc_hidden)
self.attn_scores = self.attention.attn_scores
x = self.output_layer(x)
if return_state:

return x, [dec_hidden_state, dec_carry_state]
else:

return x

def get_start_token(self, source):
batch_size = tf.shape(source)[0]
start_tokens = tf.fill([batch_size, 1], self.start_token)
done = tf.zeros([batch_size, 1], dtype=tf.bool)
embedded = self.embedding(start_tokens)
return start_tokens, done, self.rnn.get_initial_state(embedded)

def get_next_token(self, next_token, enc_hidden, done, state):
logits, state = self(next_token, enc_hidden,state=state, return_state=True)
next_token = tf.argmax(logits, axis=-1)
done = done | (next_token == self.end_token)
next_token = tf.where(done, tf.constant(0, dtype=tf.int64), next_token)
return next_token, done, state

def tokens_to_text(self, tokens):
words = self.id_to_word(tokens)
result = tf.strings.reduce_join(words, axis=-1, separator=' ')
result = tf.strings.regex_replace(result, '^ *\[START\] *', '')
result = tf.strings.regex_replace(result, ' *\[END\] *$', '')
return result

Finally, we make a few modifications to the translate function in Machine_Translation class.
The line where we call decoder’s get_start_token() should return three values. In the for loop,
we get the attention scores from the decoder and append it to attention_scores list. We create a
new function plot_attention to display the attention matrix which shows the correlation between
the source sequence and the target sequence. The function accepts a string (text), produces the
translation, gets the attention scores, splits the sentences into tokens and displays the attention
matrix. The affected lines are in italic.

from tensorflow.keras.models import Model
from matplotlib import pyplot as plt
from matplotlib import ticker

class Machine_Translation(Model):
def __init__(self, units, source_text_vectorizer, target_text_vectorizer):

super(Machine_Translation, self).__init__()
self.encoder = Encoder(source_text_vectorizer, units=units)
self.decoder = Decoder(target_text_vectorizer, units=units)
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def call(self, x):
source, target = x
enc_hidden_states = self.encoder(source)
logits = self.decoder(target, enc_hidden_states)
return logits

def translate(self, texts, max_length=50, temperature=0.0):
enc_hidden = self.encoder.process_input_text(texts)

tokens = []
attention_scores = []
next_token, done, state = self.decoder.get_start_token(enc_hidden)

for _ in range(max_length):
next_token, done, state =

self.decoder.get_next_token(next_token,enc_hidden,done, state,temperature)
tokens.append(next_token)
attention_scores.append(self.decoder.attn_scores)
if tf.executing_eagerly() and tf.reduce_all(done):

break

tokens = tf.concat(tokens, axis=-1)
self.last_attention_scores = tf.concat(attention_scores, axis=1)
result = self.decoder.tokens_to_text(tokens)
return result

def plot_attention(self, text):
output = self.translate([text])[0]

attention_scores = self.last_attention_scores[0]
attention_scores = tf.squeeze(attention_scores, axis=1)

source = preprocess_text(text)
source = source.numpy().decode().split()

output = preprocess_text(output)
output = output.numpy().decode().split()[1:]

fig = plt.figure(figsize=(10, 10))
ax = fig.add_subplot(1, 1, 1)
mt = ax.matshow(attention_scores, cmap=’viridis’, vmin=0.0)
fig.colorbar(mt)
fontdict = {’fontsize’: 14}

ax.set_xticklabels([”] + source, fontdict=fontdict, rotation=90)
ax.set_yticklabels([”] + output, fontdict=fontdict)

ax.xaxis.set_major_locator(ticker.MultipleLocator(1))
ax.yaxis.set_major_locator(ticker.MultipleLocator(1))

ax.set_xlabel(’Input text’)
ax.set_ylabel(’Output text’)
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We train the model and test the model with new text data. In this example, we pass a string to
plot_attention function. Figure 15.10 shows the attention matrix between the input sequence
and the output sequence generated by the model.

model.plot_attention('Just let me know if you need anything.')

Figure 15.10 The matrix of the attention scores

Exercises
1. Explain how does the attention mechanism works in a neural network.

2. Explain the problem that attention mechanism addresses in neural networks.

3. Explain the difference between global attention and local attention mechanisms.

4. Explain if attention mechanisms can be applied to non-sequence data.

5. Explain self-attention in neural networks.
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